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£SJ ■ Abstract 



This article considers the stochastic Burgers equation 



f d t u^ = (| uii - \(u^ 2 ) x )dt + dtCx 

where £ is a spatially homogeneous Gaussian random held, 2-7r-periodic in the space variable, 
mean zero and with covariance Eq {((t, x)((s, y)} = (sAt) J2n>i a n cos(n(x—y)) = (sAt)T(x-y) 
Cn , where T is 8 times differentiable. The main result is that 

e q [ u ^ 2p (t, X )} - (-r"(o)f f[(2j - iy 



lim sup sup 

e ^°0<t<Tx6[0,27r] 



0. 



for each positive integer p and each T < +oo. This result is of interest following the work of 
E, Khanin, Mazel and Sinai, proving existence of invariant measure for the stochastic inviscid 
Burgers equation, where the hypotheses on the Gaussian random held include those of this 
article. The method of E, Khanin, Mazel and Sinai is to construct a solution to the Stochastic 
Inviscid Burgers equation using the minimising trajectories of the associated action functional. 
This construction relies on the fact that the minimiser exists, which depends on the relative 
weak compactness of the unit ball in L 2 (Tychonov compactness) . Kelley proved that Tychonov 
compactness is equivalent to the Axiom of Choice. This article therefore demonstrates that the 
Axiom of Choice leads to contradictory results in mathematical analysis. 

1 Summary and Notations 

This article considers the stochastic Burgers equation 



cV e) = (f u^l - Uu^ 2 ) x )dt + d t ( x 



i) 



\ u = 

where dt denotes a stochastic differential with respect to the variable t, subscripts denote derivative 
with respect to the argument labelled by the subscripted variable and £ is a space homogeneous, 
Gaussian, random field, satisfying the following hypotheses. 

Hypothesis 1. • (f2, Q, (Qt)o<t<+oo, Q) denotes a filtered probability space, where 

{f3 3n )j=i y 2;n>i are standard independent Wiener processes with respect to Q ; /3 jn (0) = for 
each (j,n) £ {1,2} x N and Qt is the a-algebra generated by the increments 

{(P jn (v)-p n (u)) < u < v <t, (j,n) G {1,2} x N}. 



The Gaussian random field £ is defined as 



oc 



£(t,x) = Y, a n(cos{nx)(3 ln (t) + sm{nx)(3 2n {t)) 

n=\ 

where (a n ) n >i are real numbers satisfying ^nLi n4 |°nl < +°° an d ft n are independent stan- 
dard Brownian motions such that f3 jn (0) = with respect to (Q,Q, (Gt)t>o,Q)- 

Notation Eq{.} denote the expectation operator with respect to the measure Q. 

r denotes the function 

r(x) = y^a n cos(nx). (2) 

n>l 

note that T £ C 8 (R) (eight times differentiable) and is 2ir periodic. 

Under Q, £(0, .) = Q-almost surely and ( is Gaussian satisfying -Eq{C} = 0, with covariance 
given by 

Eq {C(*, x)C(s, y)} = (sAt)J2 a l cos(n(x - y)) = (s A t)T(x - y); 

n>l 
The moment fields are considered. Firstly, a priori bounds are calculated for 

m^{t,x 1 ,...,x p ):=E Q ^ e \t,x 1 )...u^{t,x p )Y (3) 

for t G [0, T] where T < +oo. These bounds are independent of e. Secondly, the moment fields are 
shown to be Lipschitz, with the Lipschitz constant independent of e. Thirdly, the main results of 
the article are the following theorems: 

Theorem 1. Let w e > denote the solution to equation (1), where ( satisfies hypothesis 1. Then for 
all non negative integer p, 

E Q (u^ 2p+1 (t,x)\ =0 Vt > 0, e > 0, Vx G [0, 2vr] 

and for all positive integer p and all T < +oo, 



lim sup sup 

e ~>° 0<t<T xe[0,2n] 



e q {u^(t,x)} - (-r"(o)y f[(2j - \y 

.7 = 1 



(4) 



and 



Theorem 2. There is an adapted function u : 0, x R + x R — > R such that for each p > 1 and each 
T < +oo 



lim £*, 



Q 



T /•27T 



JO 



u (e) {t,x) -u(t,x) 



dxdt \ = 0. 



For each p > 0, i/iis function solves 



\ d t u = -\{u 2 ) x dt + d t C,x 
\ u(0,x) = 

These results ought to be of interest, following the results of E, Khanin, Mazel and Sinai in [1], 
showing existence of an invariant measure for this equation. The moments of the invariant measure 
constructed by E, Khanin, Mazel and Sinai are discussed in section 4, where it is shown that 
Eq |sup 0<;c< 2 7r |n(x)| p } < +oo for each p > 1, where the distribution of u is the invariant measure 
for the equation. 

Brief Outline From equation (1), it is proved (section 3) that the moment fields defined by 
equation (3) satisfy 



d_ 

ot, 



trip (t, x\i . . . , Xp) — L\ x m.p [t, x\i . . . , Xpj 



1 



Y^ d (<0 



2^ dx. 



m p e l 1 {t;xi,...,Xp,x j )+ ^2 (- T "( x j ~ x k))m p -2(t;Xj,Xk) 



(5) 



i<j<k<p 



where -£— means derivative with respect to Xj (that is both appearances of Xj), Xj denotes that 
variable Xj has been omitted. This requires a Fubini theorem and the use of Ito's formula. 

The non-linearity in the Burgers equation means the pth equation depends on the p+1 moment 
field. To show that there is a well defined solution to this system of equations that gives the moment 
fields, several a-priori bounds on moments of the solution to equation (1) and its derivatives have 
to be computed. The bounds on the moments and the first derivatives have to be uniform in e to 
ensure that the limit, as e tends to zero can be taken. 

Theorem 11 gives a bound (independent of e) on 



E, 



Q 



sup sup sup 

0<e<10<t<T0<x<2vi 



u {e) (t,x) 



and theorem 13 gives a bound (independent of e) on 



sup sup sup 

0<e<10<KTa:i,...,ip 



_d 

dx 



-E Q {u^(t,x l )...u^\t,x p )} 



After this, it is shown that the conditions are satisfied so that Ito's formula may be applied and 
orders of integration exchanged to show that the moment fields given by equation (3) satisfy equation 

(5). 



The a priori upper bounds from theorems 11 and 13 are necessary for a-priori existence of 
solution to these moment equations; without them, there is no proof that the moment equations 
should have a solution. Next, an appropriate rescaling is carried out. Defining 

(g) _ m { p> (t;exi,..., ex p ) - mf (t; 0, . , 0) 

(pp [t, X±, . . . , Xp) . — 

and 



Mp V^> "^1 > ■ ■ ■ > •Ep) • — ^p V^i ^"^1 ' ■ ■ ■ ' £%p) 



gives 



d 1 



sr p ^-'•••'^ 2 

1 p 8 
~2^dx~^ 1 ^ Xl, "' ,Xp,Xj ^ + ^ ^p2 2 (t;x j ,x fe )(-r"(e(x i -x fc )). (6) 

j=i 3 i<i<fc<p 

The result in theorem 1 only requires the diagonal nip (£; 0, . .. ,0) = Eq {u^ p (t,x)}. This holds 
for all x £ R because the distribution of the random field and hence the distribution of u^ £ '(t, .) is 
spatially homogeneous. It is shown that for all {x\, . . . , x p ) £ R and all T < +oo, 

lim sup \(x£'(t;xi, . . . ,x p ) — m p e '(t;0, . . . , 0)| = 0, 
e ^°o<t<T 

and that there is a function M p (t) such that for all T < +oo 

lim sup \m p e \t;0, . . . , 0) - M p (t)\ = 
£ ^°0<t<T 

and such that for each T < +oo, M p (t) is Lipschitz for t £ [0,T]. It is clear that 

lim \T"(ez) - r"(0)| = Vz G R. 

For each t £ R, nip (t; .) is Lipschitz in the space variable, uniformly in e, from which it follows that 
4>p (£; .) is Lipschitz in the space variable, uniformly in e. The bounds on the growth, together with 
interpreting ^ A as the infinitesimal generator of the heat semigroup, enable the computations which 
show that the terms containing cf)( e > do not yield a contribution as e — > 0. From this, the results 
stated in theorem 1 are obtained. The uniform upper bound in e from theorem 13 is necessary for 
the uniform bounds in e on the Lipschitz constant for <ft( € ' required to take the limit. By taking 
e — > in equation (6), the proof of theorem 1 may be completed. 



2 Bounds on the Moments 

The following lemma is a necessary first step towards proving theorems 11 and 13. 
Lemma 3. Let f3 J be independent standard Brownian motions with (3 J (0) = 0, let 

&(t)= sup \ft(t)\ 

0<s<t 

and let cij be numbers such that ^- \cij\ < +oo. It follows that 



Eq< 



exp < 



E^'w 



^ ex P \ o E 8 i + v^v 7 ^ + 2v ^) J] | 



(7) 



Proof of lemma 3 Firstly, from Revuz and Yor [4] page 55 proposition (1.8), if S(t) = sup 0<s<t f3(s) 
where /3 is a standard Brownian motion with /3(0) = 0, such that for &110<s<u<v<t< +oo, 
/3(v) — (3(u) is measurable with respect to Q t then, using Q{.} to denote the probability of an event 
with respect to Q, 



Q{5(l)>x}<exp<J- T 



and rescaling gives 



Q{S(t) >x}< exp 



x 
~2t 



Let S(t) = sup 0<s<t \/3(s)\ = sup 0<s<t f3(s) V sup 0<s<t (-/3(s)). Note that 



Q \s(t) >x\ = Q 1 1 sup 0(a) > x I U 1 sup ( 



-/?(*)) > X 



Note that 



< 1 A2Q{5(t) > x} < 1 A2exp<j 



2e -* 2 /2t = 1 



> x = A/2i log 2 
(log means natural logarithm). It follows that for any a > 0, 



(8) 



= J™Qh(t)>^logy\dy 



oc 



1 



< e a ^^+ / Q{S(t)>-logy\dy 

J e as/2t\o s 2 { Ci 

/"OO 

< e «V2iW2 + 2 / e -_^(io gy )^ y 

J e av / 2tlog2 



Substituting x = ^H so that « = e a ^ tx , 

Ct\/t 



J \j 



e -sl + aVix dx 



VTi^2 



= e a ^ n ^ + 2aVte at / 2 e'^dx 

Jy/T\og2-aVt 

< exp|aA/2tlog2J + 2av / 27rfexp i — I . 
Now note that for any non negative numbers a, b, c, a, 

e aa + bae ca2 < e aa+ca2 (1 + ba) < e ( a + fc )«+«* 2 . 
It follows that, for any a > 0, 



E Q {e a§ M} < exp | y/2t(y/fog2 + 2^)a + ^f\- 



It follows that 






i=i 



i 



< exp^-|^an+(v / 2^( v / loi2 + 2v^)) I £ | 



and lemma 3 is proved. □ 

The following bound will also be useful in the sequel. 



Lemma 4. Let f3 J be independent standard Brownian motions with /^(O) = and let 



S j (t) = sup \p{s)\ . 

0<s<t 

Let cij be real numbers such that ^ • \a,j\ < +00. Let 

G(p) = j™ y p exp |-^} dy = 2^-^T Eu (E±i) , 
where Te u denotes the Euler Gamma function Te u (c() = J °° z a ~ 1 e~ z dz. It holds that 



0) 



Eq< 



E^w 



< EN ^ /2 ((21og2) p / 2 + 2pG(p-l)). 



(10) 



Proof Using inequality (8), it follows that 



Q{^(t)>x}<lA2exp|-- 
Provided < ^ • \a,j\ < +00, a standard application of Jensen's inequality gives, for p > 1, 



'-Q 



J>S'"(t) 



< ^q En^'w 



and 



\ p-i 

< (En) Enm^w} 



£q{<SW} = / Q{S j {t) p >x}dx= Q{s j (t)>x 1/p }dx 



(2tlog2) p / 2 + 2 / 



c 2 /P/2t 



(2tlog2)P/ 2 



(2tlog2) p / 2 + 2pt p / 2 

'(21og2)V2 

< t p/2 ((21og2) p / 2 + 2pG(p-l 



dx 



z p - l e- z2 l 2 dz 
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< ( E n I tP/2 (( 21 °g2) p/2 + w^ - 1) 

□ 



Lemma 5. For p > 2, T > 0, Zei 5 p ,t denote the space of functions f : R + x R x J] -> R, 2ir 
periodic in the space (second) variable, such that for each s G R, / : [0, s] x R x Q — > R is measurable 
with respect to B([0, s]) <g> B(R) ® G s (where B denotes the Borel a -algebra) and such that 

l/p 
\ P , T := I sup -^ / S Q {|/(t,x)|P}da;] < +oo (11) 



( ^p J- / 2 ^ Q {|/(t,x)n^] <+oo 
\o<t<T 2vr J J 



Let 



and let 



S P = (^T>oSp,T 



S* = {f G 5 P |/(t, .) G C 2 (R) V* < +oo Q - a.s.} (12) 

For each e > 0, p G (0,+oo), i/iere exists a unique solution such that U^ e > G 5 P to the equation 

f a t [/^ = %u£dt - \u^ o a t c (13) 

\ U^(0,x) = l, l j 

where the o denotes stochastic integration in the Stratonovich sense. The solution U^' satisfies the 
following regularity: for all T < +oo ; there is a version such that almost surely, U^> G C 0,a ([0, T] x 
R) (Holder continuous of order a) for all a < \ and for each t G [0, T], U^ e '(t, .) G C 3 ' 7 (R) (three 
times differentiate, third derivative Holder continuous of order ^) for all 7 < 1, where for each 
x G R, U^ € \.,x),Ux (.,x),UxJ (■,x),Uxxx(-,x) are Holder continuous in the time variable of all 
orders less than 1/2. 

Proof Existence and uniqueness of solution to equation (13) is standard and may be found (for 
example) in Kunita [3]. Kunita also shows that if V G C 2n then, almost surely, U^ e '(t, .) G C n ~ 1 ^ 
(that is n — 1 times differentiable, n — 1th derivative Holder continuous of order 7) for all 7 < 1 in 
the space variable and if n > 2, then U^ e \., x) and its first n derivatives are Holder continous of all 
orders less than ^ m the time variable. Kunita's results are more extensive; those stated above are 
the only ones needed here. 

To keep this article relatively self contained, an outline of the proof is sketched here. The Ito 
formulation of the mild form of equation (13) is 



U (e \t,x) = 

l + -yv( / P^ s (^( S ,.)cos(n.))(x)d/3 s ln + f P t ^ s (U^( S ,.)sm(n.))(x)d(3 2 s n 



n>l 



+^y p t -^ (£) ( S ,x)^ (14) 

where for a bounded measurable function /, Pt is defined such that 

/OO I 

__= e -y/™ f{x + y)dy (15) 

From Revuz and Yor page 137 definition (2.1) and theorem (2.2), it is sufficient (but not necessary) 
that Eq \ f fgds > < +oo for an adapted measurable function / to ensure that the stochastic 

integral ft f 8 dfi n is well defined. Set l/M) = U& , f lk (x) = ^cos(x) and f 2k (x) = ^sin(x). 
Recall the standard result that for two functions / and g, both n times differentiable, the nth 
derivative of the product satisfies 

(fg) (n) = £ ( " ) f {j) 9 {n ~ ]) 

For a > 1, let U^ a) satisfy 



j=o \ J 



U^ a \t,x) = l -j^( a )Y j n k a n (fp t - s (u^ a - k \s,.)h k {n.)){x)dPl n (16) 

+ J^Pt-s {U^ a - k \s,.)h k {n.)) (x)d^A +^-J*P t _ s U^(s,x)ds 

Suppose that existence and uniqueness of solution in S p for all p > 2 have been established for 
b = 0, 1, . . . , a — 1. Consider the iterative sequence: Uq = 1 and Uq = for a = 1, 2, 3 and 

U^\(t,x) = P t U^(0,x) 

+-E I ! J E n " a « f /* P *- (^ (e ' a - fe) (^-)/ifc(n-)) (*)^ n (17) 

6 fc=l V fc / n>l ^ 

+ j[*^- (^ (e ' a_fe) (5,.)/2fe(n.)) (x)d/3 2n ) +^± J* Pt _ 8 u£ a \s,x)ds 

+ -Va„f / P t _ s fe a )( S ,.)cos(n.))(x)d / s 1 "+ / P t _ s fe tt )(s, .)sin(n.)) (x)d/3 ; 



Set L»^ } = t/i e) - UJ^li for m > 1 and D& a) = ut a) - U^\. Then, using D$ = Z^' 0) , it follows 
that for a = 0, 1, 2, 3 and m > 1, 



D { Z\{t, x) = ^ jT Pt-.I& >(to (18) 

+ 7 E a « (/ P *- ( D t a \s, .)cos(n.)) (*)d& ln + y P t _ s (z^' a) (*, -)sin(n.)) (x)d/3 : 



n>l 

while 



<(t,*) = ^' 



+ -Va„ / P t _« cos(nx)dp 1 s n + P t - S sin(rax)d/3 2n ) 

€ n>l ^0 / 



and, for a = 1, 2, 3, 



Z^' a) (t,x) = jfr J> fe a n (Yp_. (tf (e '°- fc) (s,.)/i*(«.)) (*)d& ln 

fc=l \ / n>l 

+ / P t - S (U^ a - k \ s ,.)f 2k {n.)) (x)d(3'- 



so that for each p > 2 there is a constant C p < +oo such that (using T(0) = ^ n>1 a 2 



7J I 



^{i»I"(t,)r}<cfffw/- 



and 



P Q {|i^ a) (i,z)r}<^ £n 6 a 2 i(^)-i^ / >t jE ; Q {|C/M^)( s ,x)r}d S a = 1,2,3 

6 \n>l J k=l^° 



From equation (18), it follows that 



)l n 



t a) (s,.)cos(n.))(x)df3l 
2 P /Tfn\ rt \ 2 P N 



+ £ P t - s (D£ a \ S ,.) S m(n.))(x)dgA} \(^§-J*P t - s Dt a) (s,.)(x)ds 

In the following, the constant K may change from line to line. It denotes a positive finite value. 
Let 



Mr = -y^n a a n ( I" P t ^(Dt a) (s,.)cos(n.))(x)df3l n + f P t _ s (Z^ a )( S , .) sin(n.))(x)d/3. 
e „>i Vio ./o 
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defined on the time interval r G [0, t]. From equation (17), it is clear (under the assumption that 
C/' e ' ' G S p for each b < a) that Um £ S p for each m < +00, from which it follows directly that 
Dm G Sp for each m < +00 and hence that M is a local martingale. Note that 

(M) r = 1^^ f ((Pt-s(Dt a) (s,.)cos(n.))(x)) 2 + (P t . s (D^ a \s, .) sin(n.))(*)) 2 ) cfa. 

6 n>l ^° 

It follows from the Burkholder-Davis-Gundy inequality that 

Eq {D^\ 2p (t,x)} < KE Q J l^Y. n2aa n y\Pt-sDt a) (s,.)cos(n.)(x)fds 

+ ^V^^Osin^*))) 2 ^ P |j . 



Let ||.|| p denote the norm defined by 

r2vr \ 1 /P 



(t)= sup (-L f n E Q {\f(s,x)\}dx) (19) 

0<s<4 \^ Jo J 

Then straightforward applications of Holder's inequality give, for p > 2, 



Note that, since the field is spatially homogeneous, \\Dm \\p(t) = Eq \ \Dm (t,x)\ p >. Therefore, 
for all t G [0, T], for T < +00, 

\\D^\\\P(t)<C(T) f \\Dt a) \\ P p(s)ds 
Jo 

where 



C(T) = if V ~ ep >—T^)-^ + i^^-T^ 1 y £ Q {|Z?P( S ,x)r} (fa, 



/f) 
so that, for < t < T, 



\D^\it)< ( ^^r ) (l\\D[ e ' a) r P (s) d s 



Since Yl n >\ n a n < +°°) it follows that X^n>i n a n < +°° f° r o = 0, 1, 2, 3, it follows inductively, 
that ||-Drn ||p(£) is summable. This is clearly true for a = 0, which implies that 



11 



sup E Q \\D^(s,x)\ p }<+(X) 

0<s<T ^ J 

and hence is true inductively for a = 1, 2, 3. Existence and uniqueness for solutions to equation (14) 
in S p for all p € [2, +oo) now follows directly by standard Gronwall arguments. 

Now set 

C a , p (t)= sup E Q \\U^ a \t,xW} 

0<s<t ^ } 

The preceeding gives that sup <t<T C ajP (t) < +oo for a = 0, 1, 2, 3. 
Now set 

v^\t, x) = u^H^ + Q-ui^x-h)^ {20) 

fik(x) = ^cos(x) and f 2k (x) = J^sin(x). Then, since C/M)(0,.) = 1 and U^(0, .) = for 
a = 1,2,3, it follows that V^ satisfies 

V^ h \t,x) = - e J2 ( I J E nfcfl « ( fPt^(V^- k ^(s,.)f lk (n(. + h)))(x)d^ n (21) 

fc=0 \ / n>l 

P t _ A ,(y(-^)( s ,.)/ 2fc (n(. + / 1 )))(x)d/3 s 2 ^ +^ f Pt-sV^ h \s,.)ds 

'E 

:=0 

£n*a n (jf P t _. (V— )(., - ft) ( /lfcK - + /l) -/ lfc(n( -- /t)) )) (s)dtf' 



' P t -,(y (a - fc ' ft) ( S , .)/ 2fc (n(. + ^)))(x)^ s 2 ") + ^f 

a 

' a 



e un\ k 
fc=0 \ 



+ J t p t _ s (u^ a - k \s,.-h)( 



2h 

Set 



/ 2 fc(n(. + /i)) - / 2 fc(n(. - /i))^ ^w^n 



*<,*,/»(*) = sup P Q {|W a '")(t,x)r) . (22) 

0<s<t L J 

For all 2 < p < +oo, elementary arguments give the existence of a constant c\{p,a,T) < +cx) such 
that 



12 



Ka,p,h{t) < 



ci(p, a, T) 



) P/ a 

t <P/2)-i J2 f K a _ Kp , h {s)ds 

\ P/2 

E™ 8 ^ t^^J2 f C a ^ p {s)ds 

n>l J fc=(K° 



eP 



+ ci(p,a,T) {Tn « a 2 



+ 



from which it follows that for all T < +00, 2 < p < +00 and a = 0, 1,2,3,4, C atP (T) < +00 and 
for a = 0, 1,2,3, K ajP (T) := sup ft>0 K atPt h(T) < +00. These bounds enable Kolmogorov's criterion 
to be applied to the space variable. 

The following computations enable the appropriate Holder continuity to be proved for the time 
variable. Set 

I^\r,t;x) = -El!) E n " a « ( [ tp ts (U (€ ' a - k) (s,.)f lk (n.)) (x)d^ n 

6 k=0\ k / n>l VJr 

+ f P t . s (U^ a - k \s,.)f 2k {n.)) {x)dpl 



and note that, for a = 0, 1, 2, 3 

U^ a \t + h,x)-U {e ' a \t,x) 

= (P h - I)U^ a \t-x) + fi> a \t,t + h ^) + ^-([ + Pt+h- s U {e ' a \s,x)d i 

Let pt(z) = —^= e ~ z an d n °te that J^ y^^lp t (z)dz = 1. From equation (15), it follows that 



E t 



Q 



(P h - P )U^ a \t,x)\ P } = E Q J y°° p eh (x - y) (u {e ' a \t,y) - U^ a \t,x)) dy 



") 



p/2 



£-Q 



>-=- \h;Peh(x-y) ; ; dy 

Veh V 2 \ \x-y\ ) 



'2eh\ p/2 f°° \x-y\ HF , 



U ( - e ' a \t,y)-U^' a \t,x) 



x-y 



dy 



p/2 

< I — \ K a:P (T). 



?)' 



Straightforward bounds give, for p > 2, a constant C p < +00 such that 



13 



/ \ P/2 a 

E Q {\I^(t,t + h;x)} < ^M" 1 2^ Ef^{ 

\n>l J k=0 Jt 



u^ a ) { 



s,x, 



ds 






Finally, for p > 2 and < t < t + h < T, 
( r(o) / rt+h 



p/2 



i n>l 



n a^ 



E c p.«( t )- 



fc=0 



K 



Q 



2e 2 



P f+ft _ s ^ a )( S ,x)d S 



< 



r(o) 

2e 2 



h?C p , a {T). 



It follows that for all p G (2, +oo) and T < +oo, a = 0, 1, 2, 3, there exists a constant C2<J5, e, a, T) < 
+oo such that for all x G R and all t G [0, T — h], 



E Q Uu^ a \t + h,x)-U^ a \t,x)\ 2P \ <c 2 (p,e,a,T)h 



(23) 



By the inequality (23) together with equation (20) and inequality (22), it follows directly by Kol- 
mogorov's criterion that there is a version such that almost surely, for a = 0,1,2,3, U^ €,a ' is a 
Holder continuous function of all orders less than ^ on [0, T] x R. Furthermore, for all t G [0, T] 
U^ a \t, .) G C°'T(R) for all 7 < 1. 

Furthermore, for a = 0,1,2,3, setting U^ a \t,x) = U^ e ' a \t,0) + f* U {e ' a+1 \t,y)dy, it is straight- 
forward to show that f/( e ' a ) satisfies equation (14) and hence, since the solution to the equation is 
unique, that U (e ' a ) = U (e ' a \ It therefore follows that U^ = [#, *7 (e ' 2) = UJ$ and U^ = U^L- 
It follows that for all T < +00, U^ e ' has a version which is three times differentiable in the space 
variable and such that ujgh G C°' a ([0,T] x R) for all a < \ and u£b{t, .) G C°' 7 (R) for all 7 < 1 
and all t€ [0,T]. 

For < p < 2, existence is straightforward since a straightforward application of Holder's inequality 
gives that S Pl G S P2 for p 2 < pi- For uniqueness, consider < p < 2 and suppose that U^ e ' and 
V^ 6 ' are two solutions to equation (13) S p . Then for each T < +00, 



\\\U {e) ~ VM\\\ p ,T < |||£/ (e) " ^ (£) ||| 2 ,T = 
establishing uniqueness in S p . The proof of lemma 5 is complete. 



□ 



A Kacs - Feynmann representation may be constructed for the solution of equation (13). To do 
so, a standard Wiener process, independent of £ is introduced. The sample paths of this Wiener 
process are denoted by w, and wq = 0. The notation w^ e ' := ^w is used; this is a Wiener process, 
independent of £ with diffusion coefficient e. The probability measure associated to this Wiener 
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process is denoted P and the expectation operator with respect to this Wiener process £p[.]. The 
Kacs Feynman representation is 



= Ep 



(24) 



exp < 



\[ E a - (jf cos {< x + w t-s)) d Pl n + [ sin {<* + w< t-s)) dpf 1 



where w^ e > denotes a Browian motion with respect to P, Wq = 0, with diffusion coefficient 
Lemma 6 (Bounds). Let S hn {t) = sup 0<s<t |/?s'™|. Then 

inf inf U^(t,x) > exp i -- J^ |a„|(l + en 2 T)(S^ n (T) + S% n (T)) I . 

I n>l J 



(25) 



It follows that, for any T < +oo, 



eEa\ inf inf \ogU {e) (t,x) 1 



> -2(V21og2 + \/2^)\/T ^|a„|+eT^ 



n 2 |a„| 2 I > — oo 



(26) 



v n>l 



n>l 



and for each e > 0, eac/i < p < +oo and each T < +oo there exists a constant K(p, e, T) such 
that 



sup sup Eq 

0<t<T 0<x<2tt 



eUt\t,x) 



U&(t,: 



<K(p,e,T) <+oo. 



(27) 



Proof Applying Jensen's inequality to equation (24), where Pf is defined as in equation (15), note 
that 



d 



d 2 



n 2 e 



d Tl € 

-Pt_ s cos(nx) = — — — T^Pt-s cos(nx) = Pt- s cos(nx), -— Pt- S sin(nx) = Pt-s sin(nx) 

ds 2dx 2 2 ds 2 



so that 

U&(t,x) > e -lT, n >i^n(Jo Pt- s co S (nx)d0l n +f* P t - 3S in{nx)d^ n ) 

= g-7 E n >l M/ 3 * 1 " cos(nx)+/3 t 2 "- sin(nx))-i E„>i ™ 2 MJ*o ^" P «-« cos(nx)ds+ f* l3 2n P t - s shi{nx)ds) 
> e -^En>i \a n \(l+en 2 T)(S^(T)+S 2 "(T)) 

and inequality (25) follows. The inequality (6) follows from inequality (8), which gives 
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E Q {S ]n (T)} = / Q{^ n (T) > x}dx 
Jo 

< / lA2e- x2 / 2T dx 
Jo 



V2Tlog2 + 2 f 

J v 



~ x2 / 2T dx 



v/2TT5p 



< v /2T1 °g 2 + ^ /27rT - 



Lastly, inequality (27 is considered. It follows from taking a derivative with respect to x in equation 
(24) that 






exp 



E 

n>l 



x > na r 



\ ( E a « (jf cos ( n ( x + «&) d # n + f o sin ( n ( x + w t- s )) dtt 11 ) ) | 

sin (n(x + «,£>,)) dp] n - J cos (n(x + w\ e l s )) df s 



and an application of Holder's inequality gives 



< E P 



exp 



xE P 
From this, for p > 0, 



■- ( E a « ( f cos ( n ( x + «>*-»)) d & ln + f sin (^ + w t-si) d P. 

€ \n>l ^ ° JO 

^ na„ ( / sin (n(x + w t ( -j) d/3] n - / cos f n(x + w t ( -j) d$ 



1/2 



1/2 
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cos (n{x + wflS) dl3\ n 



+ / sin nix + w 



h-s, 



xE Q { E P 



.£ ""-(/' 



sin n(x + Wj 



to 



d/3. 



Ira 
s 



dfl 



cos n(x+ w t 



2n 



1/4 




< exp < — £ V a 2 

< +00, 

thus establishing inequality (27). 



x exp^ — t [ J^a 2 



,n>l 



2p 
X 111(2^-1)) ^(E^ 2 



1/4 



p/2 



D 



Theorem 7. Recall the definition of SI, in equation (12) in the statement of lemma 5. For fixed 
e > and each < p < +oo, under hypothesis 1 that z~2 n >i n4 \ an \ < +oo, there is existence and 
uniqueness of solution to equation (1) in S* for each < p < +00. This solution has a version such 
that for any e > and for all t £ [0, T], u^(t, .) £ C 2 ' 7 ([0, 2ir)) for all 7 < 1 and, for fixed x € R, 
u^ e '(.,x) is Holder continuous of all orders less than 1/2. 



(28) 



Proof Let [/"to denote the unique solution to equation (13) in S p . Set 

u^(t,x):=-e^lo g U^(t,x) = ^f. 

Then, by lemma 6, u^ 6 ' is well defined, belongs to S p and satisfies the regularity properties listed 
above. It is straightforward to show that it solves equation (1). 

For uniqueness, let [/to denote the unique solution to equation (13) in S p and let [/"to f denote any 
other solution to equation (13) that is adapted and twice different iable in the space variables. This 
is necessary to ensure that —e(log(U^ e 'f)) x has the spatial regularity to belong to S*. Then, for 
each x £ [0,2-/r], U^ € '(.,x)f(.,x) is a semimartingale and 



dt{U {e) f) = e -u£fdt--u^fod t t + u^d t f + d{u^j) t 



e . 

o ^ XX ■ 

Z e 

\{U^f) xx dt - eU^f x dt - e -u^f xx dt - -U^f o d t ( + U^d t f + d(U^J) t 
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so that 

= -eU&f x dt - € -U^f xx dt + U^d t f + d(U&,f) t . 

It follows that / is differentiable in the time variable and hence, using u^ e '(t,x) = -4^y, that 
/ satisfies 

f &nt,x) = %f xx + u Mf x 

\ f(0,x) = l. 

Theorem 11 shows that, almost surely, sup 0<e <i sup 0<;E< 2 7r sup <t<T \u^ € '(t,x)\ < C(T) where 
^q{C(^) P } < +°° f° r eac h p > 0. It follows that, among functions that are 27r-periodic in 
the space variable, the unique solution to equation (29) is / = 1. 

Let vS e '(t,x) denote any adapted solution to equation (1). Set 

f/ (e) (t, x) = U {e) (t, 0) exp ( - - j X fi< e ) (t, y)dy\ . 



K. e jo ) 

It follows that U^ e > satisfies equation (13). Since equation (13) has a unique solution (by lemma 5), 
it follows (since U^ 6 ' is differentiable) that vS e ' is uniquely determined and hence that there is a 
unique solution to equation (1) in S*. The regularity follows directly from equation (28), the lower 
bound given by lemma 6 and the regularity results of lemma 5. □ 

For e > 0, under hypothesis 1, there is a solution to equation (1) u^ € '(t, .) that for each t G [0, T] 
satisfies u^ e '(t, .) G C 2,7 (R) for each 7 < 1 (twice differentiable, second derivative Holder continuous 
of orders 7 for each 7 < 1 and for each x G [0, 2tt] satisfies u^ e '(., x) G C 0,a ([0, T]) (Holder continuous 
of order a) for all a < ^, Q - almost surely. This follows from the regularity of U^\ the identity 

= ~jr(e) an< i the lower bound on U^ 6 ' computed in lemma 6. For this solution, it follows that 
(1) may be rewritten as 

f d t u = (f uii - u^ui e) ^ dt + d t ( x 

1 u = 0. 

Following the bounds established later in theorem 11, which completes the uniqueness argument 
of theorem 7, it will follow that this is the unique solution of equation (1) in the space S p for 
<p < +00. 

One of the main tools for analysing the equation is to consider the infinitesimal generator 

£(t,(t ^=l;&-" , "<^- (31) 
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Appling the notation introduced in equation (31) to equation (30), equation (1) may be written as 

J d t u = C^udt + d t C x 

The process generated by the infinitesimal generator C^ € ' is given in definition 8 and will be used 
extensively in the sequel; an 'implicit' representation of the solution to equation (1) will be formu- 
lated in terms of the process generated by C (the superscript will be dropped from the notation 
when it is clearly implied). 

Definition 8. Let w denote a standard Wiener process, wq = 0, independent of the f3^ k and let 
J- S j denote the sigma algebra generated by the increments (w a — wp) s <_p<_ a <f Let P denote the 
probability measure under which w is a standard Wiener process and let Ep denote expectation with 
respect to P. Let X( e > denote the stochastic process defined as the unique solution to the stochastic 
integral equation 

u^(r,X^(xf)dr. (32) 

From the regularity results on u" e > (globally Lipschitz in the space variable, Holder continuous on 
the time variable and bounded in [0,T] x [0,2-/r]), it follows directly from standard results that 
Q-almost surely, X^ e ' is well defined, with pathwise uniqueness. 

Definition 9. Let S 1 denote R with the identification x + 2tt = x and let C(S 1 ) denote continuous 
2-7T periodic functions. The operator Q St t ■ C(S 1 ) — > C(S 1 ) is defined as 



Note that, for / G C(5 1 ), 



and 



Qs,tf(x) = Ep[f(X a>t (x))]. 



£-Q,,tf(x) = -Q s ,t(C s f)(x) (33) 

OS 



■^Qs,tf(x) = Ct(x)Qs,tf(x), (34) 



where C is defined by equation (31). 
Lemma 10. The following identity holds. 

u^(t,x) = -^2na n (sm(nx)[3 ln (t) - cos(nx) (3 2n (*)) 



Y^nanl [ (3 ln (s)Q s ,t{C s sm(n.))(x)ds - [ p 2n {s)Q s , t (C s cos{n.)){x)d^\ . (35) 
n>i V " /o Jo J 
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Proof of lemma 10 For s = so < si < . . . < s m = t, using equation (33), 
u (e) (t,x) = u (e) (t,x)-Q ,tu (e) {0,x) 

m—l 
- Y^ (Qs k+1 ,Ms k+1 , X) - Q S]k ,M s k,x)) 
k=0 

m—l m- 

Y Qs k+1 ,t(u(s k+1 ,x) - U(s k ,x)) + J2 (Q»k+l,t ~ Qs k ,t)u(s k 

k=0 

^ fSk+i 

2_^Qs k+1 ,t (£ s u(s,.))(x)d 

' zQ k 

m—l 

+ EE na » { Q ^ MnxM^ - #») - Q Sk+ut cos(nx)(^ +1 - 0% 

fc=0 n>l 

__^ r s k+i 

}^ / Q St t(C s u(s k ,.))(x)ds 

k=o ^ Sk 

Y, (Qs k+1 ,t-Qs,t)(CsU(s k ,.))(x)ds 

i i J Sk 



k=l JSh 

m—l 

Y Y na ™ (^(Qs k+1 ,t - Q Sk ,t) sin(nx) - ^(Q Sk+1 ,t - Qs k ,t) cos(nx)) 

k=l n>l 



+ Y na n {Pt n sin(nx) - (3 2n cos(nx)) . 



n>l 

This holds for any partition = So < • • • < s m = t. Now, let the mesh size tend to zero. The 
convergence details are standard and give the advertised result. □ 

The next theorem gives bounds on the moments of the solution. 

Theorem 11. Suppose that hypothesis 1 is satisfied. Let vS e > denote the solution to equation (1). 
Let G(p) be the constant given in equation (9), defined in lemma 4- Then 

Eq < I sup sup sup \vs e '(s,x 

[ \0<e<l 0<s<t 0<x<2tt 

<Ci(p,*)(l> 3 |anl) e^lc 2 ( P ,t)J2n 6 a 2 n + C 3 (p,t)J2^K\\=K(p,T), (36) 

\n>l J y n>l n>l 

where 

C 1 (p,t) = (2 + t) 3 P/ 2 ((2log2y + ApG(2p-l)) 1 / 2 , 
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2.3 



C 2 (p,t) = 2p z t 



and 



C 3 (p,t) = 2V2(2^+^i2)pt 3 / 2 . 



This result is consequence of the following lemma with 6=1, where b is defined in the statement 
of the lemma. 

Lemma 12. Set 

cos(y) b = An 

— sin(y) b = An + 1 

— cos(y) b = An + 2 
sin(y) 6 = An + 3 

/or non negative integer n. Set f2b{y) = fi,(b+3)(y)- Set 



fibiv) = < 



0&(b;t,x) = J>V (f lh (nx)ft n + f 2b (nx)fi n ) 

n>l 

+ Y j n b a n (f Q S) t(C s h b {n.))(x)p l s n ds+ [ Q s ^C s f 2b (n.)){x)^A ds. 
n>i V ' /o ^ ' 

For 6j > 1, se£ 6 = sup(6i, . . . , b p ). Suppose that 

oo 

^n 2+6 |an| < +oo, 



71=1 



so that 



X> 2 ( 2 +~ fo )o4 < +OC. 



71= 1 



Then 



Eq I TT ( sup sup sup 0( e \bj,s,x) I > 

= ^ \0<e<10<s<t0<a;<27r / 



< Ci(p,t) £> 2+S |a n | exp \ C 2 (p,t)J2 



n 2 ( 2+6 )a 2 



+ C 3 (p,t)^n 2 +V n | 



v n>l 



n>l 



where 



dip, t) = (2 + t) 3p/2 ((2 log 2f + 4pG(2p - 1)) 



1/2 



(37) 



> , (38) 



21 



2.3 



C 2 (p,t) = Ap"t 



and 



C 3 (p,t) = AV2(2^+^i2)pt 3 / 2 . 
Note that u^\t,x) = 9^ e \l;t,x). 



Proof of lemma 12 Note that 



Q S:t (C sS m(n.))(x) = (fi i>t (^d 2 xx - u^(s,.)d x ^ sin(n.)) (x) 



-nE-p 



W f „ v( £ ) 



^a:Wco S n^(, 



-(e). 



n-Ep 



sin ( nXgl(x) 



and, similarly, 



&,*(£, cos(n.))(x) = n£ P |u^ fs,xg(x)) sin (nXg(x) 
It follows that, for j = 1,2, 



n 2 -E P 
2 



cos ( nXgJ [x] 



Q s ,t(Csf jb {n.))(x) = -nE P \u^ (s,X$(x)) f Mb+1) (nXg(x) 
Equation (37) therefore gives 



u 2 \Ep 



to. 



fjb[nX%(x 



9&(b;t,x) = J> b a n (f u (nx) (3 ln (t) + f 2b {nx) p 2n {t)) 

n>l 

-J> 1+ V (jf {p ln (8)Ep [u^(s,X$(x))f 1{b+1) (nX$(x)) 

+(3 2n (s)Ep \u^(s,X$(x))f Ub+1) (nX${x] 



n>l 



2^ 



n 2+b a n 



-(e)/ 



/3 in (s)£p /i 6 <W + /3 in (*)£ P / a nl s l /(x) 



-to, 



Now set 



B(6,i) = Vn 6 |a n |f sup |/3 ln (s)|+ sup \p 2n (s)\) 

^Z \0<s<t 0<s<t J 

n>l — — 



Set 



C {e) (b,t) = sup sup 

0<s<t0<a;<27r 



0^(6,8,: 



ds 

ds I . (39) 



(40) 



(41) 
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In particular, from equation (37), 



C* (e) (l,t) = sup sup 

0<s<i0<a;<27r 



vS e '(s,x) 



It follows from equation (39) that 

rt f 

C {e \b, t) < B{b, t) + / C (e) (l, s)B{b + 1, s)ds + -B(b + 2, t). 
Jo * 



Set 



so that 



C{b,t) = sup C®{b,t), 

0<e<l 



C(l,t) -- sup sup sup u^ e '(s,x) 

0<e<10<s<t0<x<2w 



(42) 



(43) 



The extraordinary level of detail in the following very, very simple Gronwall argument has been 
inserted for the benefit of the mathematically challenged, some of whom amazingly seem to be 
employed on the editorial boards of prestigious journals. 

Note that B(b,t) defined by equation (40) is increasing as b increases for b > 0. This has to be 
pointed out, because it is apparently not self- evident. Let D^(l,t) denote the solution to 

D&(l,t) = (1 + ^)5(3,*)+ f D^(l,s)B(3,s)ds, 
* Jo 

so that (very, very clearly) 



D (e) (M) < (1 + -)B(3,t)etiz(3,s)ds 



and let D {e \b,t) solve 



rt t 

D ie \b,t)=B(b + 2,t)+ / D {e) (1, s)B(b + 2,s)ds + -B(b + 2, t)ds. 

Jo 2 

then it should be clear to anyone with a brain without further explanation that C^ e \b, t) < D^(b, t) 
and, since B(b,s) is increasing in b, it follows directly that D^ e \b,s) > D^ e '{l,s) for b > 1. It 
therefore follows that 

rt f 

D^(b,t)<B(b + 2,t) + / D^\b,s)B(b + 2,s)ds + -B(b + 2,t). 

Jo 2 

Since B(b, s) is increasing in s, it follows that for all < s < t and < e < 1, 
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D (e \b,s)< (l + £}B(b + 2,t) + B(b + 2,t) f S D^ e \b,r)dr. 
From this, it is it follows that, for < e < 1, 

C (e) (M) <D {t) (b,t) < (l + -j B(b + 2,t) exp itB(b + 2,t)} 
where C^ e '(b,t) is defined by equation (41). Set 

D(b,t) := (l + ^JB(b + 2,t)exp{tB(b + 2,t)}, 



so that, from equation (44), 



sup C^(b,t) <D(b,t). 

0<e<l 



(44) 



(45) 



(46) 



It follows, using 6 = &i V ... V ftp, that 



E Q lf\ sup sup sup O^ibj-s^) \<(l + i) E Q \B(b + 2,t) p exp\ptB(b + 2,t)}\. 

=1 0<e<l 0<s<t x \ \ 2J (. I J J 

Using the bounds calculated in lemmas 3 and 4, and recalling equation (40), it follows that 



««. n 



j=i 



sup sup sup 

0<e<10<s<t0<a;<27r 



(e) (6j;s,x; 



(i \ P 1/9 

1 + -J E Q {B(6 + 2,i) 2 ^} J B Q {exp{2ptS(6 + 2,t)}} 

< (2 + tf p / 2 [X> 2+S |a n |] ((2 log 2)* + 4pG(2p-l)) 1/2 



1/2 



x exp I 4p 2 £ 3 ^ n 2 ^a 2 n + (2^F + Tbg^) 4 V / 2pt 3/2 £ 



which is the bound advertised in the statement of lemma 12. 



n 2+b \a r 



U 



Proof of Theorem 11 This follows directly from lemma 12 with b\ = . . . = b p = 1. □ 

The next theorem ensures that the moment fields are uniformly Lipschitz in the space variables. 
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Theorem 13. Let u" e ' denote the solution to equation (1), under the condition that 

^n 4 |a„| < +00, 



n>\ 



so that 



ra>l 



n 8 a 2 n < +00. 



It holds that 



sup sup Eq \ u^(s,xi)u( € '(s,X2) ■ ■ ■ u^'(s,x p ) > < K(p,t) 

0<s<txi,...,x p *■ > 



where K(p,t) is independent of e and is given by 



p+i n 



n 4 \a r 



where 



and 



K(p,t)= IC^iW J> 4 KIJ +C 2 (p,t)\T i : 

x exp I C 3 (p, t) ^ « 8fl n + C 4 (p, t) ^2 n 4 \a n \ > , 

I. n n ) 



C 1 (p,t) = (2 + t) 3 P/\(2log2f + 4pG(2p-l)) 1 / 2 , 

C 2 (p, t) = (2 + t) 3 (P +1 )/ 2 ((2 log 2f +l + 4(p + l)G(2p + 1)) 1/2 , 

C 3 (p,t) = 2(p + 1)H 3 

C 4 (p,t) = 2(p + l)t 3 / 2 (^(7loi2 + 2V5F)). 



Recall the definition of nip given in equation (3), 



m 



&(*. 



(t; Xl ,...,x p ) :=E Q < Y[u^(t,Xj) 



J =1 



> . 



Then 



sup sup sup 
i<i<pO<s<to<e<i 



d 



Q x m P v s ' Xl ' • • • ' X P/ 



<tf(p,t) 



where K(p, t) is described above. 
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This theorem is a consequence of the following lemma. 



Lemma 14. Using the notations of lemma 12, recall that 



Wfh. 



C(b,t) := sup sup sup 6 (e '(b;s,x) 

0<s<t 0<e<l 0<x<2tt 

With change of notation, set b = 2Vmax(6i, . . . , b p -i) (the change is the 2) and suppose that {a n ) n >\ 
satisfies 



^n 2+b \a n \ < +oo, 



n>l 



so that 



£n 2 ( 2+ ^a 2 <+oo. 



n>l 



Then, for < t < +oo ; 



where 



sup E Q \C(b 1 ,t)...C(b p _ 1 ,t) 

0<s<t 



tf(s,x)\}<K(p;b,t) 



K(p;b,t):= Ci(p,i)(£ 



n 2+ V 



+ c 2 (p,t) £ 



P+r 



n 2+6 |anl 



(47) 



where 



and 



exp i <7 3 (p, t) £ n 4+2 ^ + C 4 (p, t) £ n 2 + V, 



Ci(p,t) = (2 + t) 3 P/ 2 ((21og2f + 4pG(2p-l)) 1 / 2 , 

C 2 (p, t) = (2 + t) 3 ( p+1 )/ 2 ((2 log 2) p+1 + 4(p + l)G(2p + 1)) 1/2 , 

C 3 (p,t) = 2(p + l) 2 t 3 

C 4 (P,*) = 2(p + l)t 3/2 (\/2(7Ioi2 + 2V5F)). 



Proof of lemma 14 Recall the definition of X given in equation (32). Let J- S) t denote the cr-algebra 
generated by the increments w v — w u , s < u < v < t. From equation (35), note that 
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n>l 



u« Uxf}{x)) = - J>a n sin nXg(x) f3 ln (s) - cos (nXf}{x)) f3 2n (s) 



-(e)/ 



£ 

n>l 



n a n 



(«) 



/3 1 ™ (r)£ P « r, X$ cos nl^/ (x 



-(e)/ 



^,t 



(«)/ 



^ n (r)E P u r, Xfl (x) sin nl^ j (x 



-(e)/ 



- ^ n 3 a„ 



n>l 



/? ln (r)£ P sin(nX^(x 



7". 



s,t 



/3 2n (r)£ P \cos(nX^(x) 



dr 



Fst 



Taking derivative in x, and using X' to denote X differentiated with respect to x gives 



dr 







M)(« Y^l 



-[u^(s,X^(x)) 



XlJ(x) Y, n 2 a n (cos (nXf}(x)) p ln {s) + sin Uxf}{x)) f3 2n (s 



'( e )/™\^ «2n 



n>l 



-Ep 



f xg'(x) J> 3 a n (f} ln {r)u^ (r,X$) sin (nX$(x, 

"'° n>l 



?2n/-_\.,(e) f„ y(<=) 



'W/ 



+£ P 



o dx 



+(3 2n (r)u^ r, X) e >{x) cos nX?>(x) dr 



Fs,t 



uV(r,X$(x))) J> 2 a n ((3 ln (r) cos (nXg(i; 



n>l 



+--Ep 
2 



-/? 2 "(r) sin (nXg(x))) dr 
f xg'(x) J^ n 4 a n (/? ln (r) cos (nig (x)) + /3 2 » sin (nX$ (x)) ) dr 

, ' n>l 



J". 



s,4 



Now, set 



9 {t) (s) 



2tt 



2tt 



Ep 



dx 



U U(s,X$(x))) 



dx. 



and recall the notation 



C(l,t) = sup sup sup u^ e '(s,x) 

0<e<l 0<s<t 0<x<2ir 

Recall the definition of B(b,t) given in equation (40). 

Note that X^ t (x) > and that ^ $q* X* t (x)dx = 1. The above analysis yields 



g (t) {s) <B(2,s) + sC(l,s)B{3,s) + -sB(A,s) + B{2,s) / g w (r)dr. 



,(*)/ 
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Using the fact that B(b, s) is increasing in b yields 

g® (s) <B(4,s) + S ((7(1, s) + |) B(4, s) + B(4, s) J* g® (r)dr. 
Since B(b, s) and (7(1, s) are increasing in s, it follows that for any < r < s < £ and any < e < 1 

5 (*>(r) < B(4, s) + s ((7(1, a) + ^ B(4, s) + B(4, s) j* g®(a)da, 
yielding that for any < e < 1 and any s < t, 

g®(8)<B(4, 8 )(l + 8 (c(l,s) + ^\e X p{sB(4,8)}. 

Recall equations (42) and (45), which give 

(3,*)}, 



(7(1, s) < (1 + -J 5(3, a) exp |s£ 
from which (using B(3, s) < i?(4, s)) 

5 W (s) <(! + £) (l + sB(4, S )e s ^ 4 ' s )) 5(4, s)e^ 4 ^. 

Now, using b = 2 Vmaxi<j< p _i bj, recall the definition of D given in equation (45) and the inequality 
given in equation (46), for < s < t < +oo, it follows by an application of lemmas 3 and 4 to get 
from the second last to the last line, that 



E Q {C(b 1 ,t)...C(b p -i,t) 



du^ 



Ox 



2tt 



2tt 



E Q {DV-\b,t) 



(s,x) 



du& 



dx 



(s,x) 



Ox 



(S,X 



<E Q (DP-\b,t) 

dx = E Q {L)P- 1 (b,t)g^(s)} 



< (l + |j E q {BP(b + 2,t)eP t ^ i+2 ^+tBP + \b + 2,t)e^ +1 ^ t ^ i+2 ^} 



< ( l + |) (E Q {B 2 v(b + 2,t)y /Z E Q {e 2 ^^} 



+t5 Q {5 2 ^+ 1 )(fe + 2,t)} i/ "5 Q { e 2 ^ +1 )^( £+2 ' t )} 



1/2 



1/2 



where K(p;b,t) is the constant given in equation (47). The conclusion of the last line from the 
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second last follows by an application of lemmas 3 and 4. Lemma 4 gives 



E, 



Q 



{#*(M)} = E Q l^n b \a n \(s ln (t) + s 2n (t))\ 1 



2?, 



< J> & KI 2 2 ^((21og2)P + 4pG(2p-l)) 



v n>l 



and lemma 3 gives 

£ Q / e 2p*B(M)\ < e 4p 2 t s E„>i™ 2i '^+4pt 3/2 v / 2(v / Bg2+2 v ^)_ 

These bounds may be applied to give the desired result. 



□ 



Proof of Theorem 13 Note that 



sup 

0<s<t 



dxj 



m (e) (s;xi,... ,x p ) 



sup 

0<s« 



Eq ^ { |]ii (£) (s,^) J U x (s,Xj) 



< sup £^{C'(l,s)P- 1 |« a .(5,x i )|} 

0<s« 



and the result now follows by applying lemma 14 with 6i 



bp-i = 1- 



Lemma 15. Suppose that Yln>i n \ a n\ < +°° so that Yln>i n a n < +oo. For any T > 0, th 

exists a constant C(p, T) such that 

sup sup — mg(*,0)<C(p,T). 

0<KT0<e<l Ce 



a 



ere 



Note that this lemma gives no information on a lower bound. 



Proof For e > 0, set u 



9u( e ) 



Then u is differentiable in t and satisfies 



{V^t — 2^ xx ^^x ^x^ ~r 2^xx 
u(Q,x) = 0. 

Recall (suppressing the notation e from the process X) that 

X Sjt (x) = x + v^C^t -w s )- / -u (e) (r, X rjt (x)) dr, 
so that 

«^-r^)(r,^(x))«,r 



(48) 
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yielding 



dX a<t {x) _ f!u x (r,X r ,( 



x))dr 



Ox 



(49) 



It follows from equation (48), using equation (49) to go from the first line to the second, that 



u(t, x) 



1 

2 J,, 
If 

2 7o 
ld_ /•* 

2dxJ 



E F 
E P 



u xx (s,X Sjt (x))e-IsM r ' X ^^ dr 
dX s Ax) 



ds 



u xx (s,X s<t (x))- 



dx 



ds 



E F [u x (s,X Syt (x))]ds, 



yielding (for e > 0) 



d_ 
de 



m^\t;xi,...,x p ) = ^ Eq < ]~[ u(t, x k ) u(t, : 



j=i 



k *# 



\Y,-^. J Eq \ 11^'^) £ pK(a s ,tfe))i * 



so that 



|mW(t,0) 



P /"* 1 

2. 

P(P ~ 1) /"* 
2 7o 



f ^ [ Eq \ uP ~ 1 ( t,X " > lL Ep [Ms,X s , t (x))]\dxds 
Eq {u p ~ 2 (t, x)u x (t, x)E P [u x (r, X r<t (x))]} dr. 



(50) 



Now, set v = u T and note that 



d t v = {jfj xx - v 2 - uv x )dt + d t C, x 
v(0,x) = 0. 



It follows that 



v(t,x) 



Y^ n 2 a n ((3 ln (t) cos(nx) + j3 2n {t) sin(nx)) 



n>i 

Tn 2 a n f ( p ln {s)Q s ^C s cos{n.)){x)ds + / /3 2n ( S )Q s , t (£ s sin(n.))(x)ds 

„>1 ^° - 70 



£; P [« 2 ( s ,x s , t )]d s . 
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Recall the definition of 9 given in equation (37). For 6 = 2, 
9(2; t,x) = Yl n2(l n {P ln (t) cos(nx) + (3 2n (t) sin(nx)) 

n>l 

-VVonf [ f3 ln (s)Q s , t (C s cos(n.))(x)ds + [ p 2n (s)Q s ,t(£ s sm(n.))(x)ds 

n>l ^° J ° 



so that 



Note that 



It follows that 



u x (t,x) = 9(2;t,x)- I E P [v 2 (s,X Syt (x))}ds. 
Jo 



E P [u x (r,X r , t (x))\ = E P [9(2;r,X r , t (x))\ - f E P [v 2 (s, X Sjt (x))]ds 

Jo 



u x (t,x)E P [u x (r,X r j(x))} = 6(2;t,x)E[0(2;r,X r , t )] 

+ / E P [v 2 (s,X S:t (x))]ds I" E P [v 2 {s,X Sjt (x))]ds 
Jo Jo 

-9{2;t,x) r E P [v 2 (s,X s>t (x))]ds - E P [9{2;r,X r , t {x))} f E P [v 2 (s,X S:t (x))]ds. 
Jo Jo 

Putting this into equation (50) gives 

JUngftO) < -p(2p-l)(J E Q {u 2 ^- 1 \t,x)9(2;t,x)E P [8(2;r,X rtt (x))]}dr 

- J E Q L 2 ^(t,x)9(2;t,x) J E P [v 2 (s,X s 4x)}ds\dr 

~ J E Q L 2 ^- 1 \t,x)E P [8(2;r,X^(x))]f E P [v 2 (s, X a>t (x))]ds\ dr 
Note that 

rr rt 

0< / E P [v 2 (s,X s , t (x))]ds< / E P [v 2 (s,X s , t (x))]ds = 9(2;t,x) - u x (t,x), 
Jo Jo 

from which it follows that 

JU*g(*,0) < -p(2p-l)(J E Q {u 2(p -V(t,x)9(2;t,x)E P [9(2;r,X r , t (x))]}dr 
-tE Q |-u 2(p_1) (t, x)9(2; t, x)(9(2; t, x) - u x (t, x))\ dr 
- f E Q {u 2 ^ 1 \t,x)E P [9(2;r,X r , t (x))}(9(2;t,x)-u x (t,x))}c 

31 



Recall the definition of C^ e ' given in equation (41); namely, 



In particular, 



and 



It follows that 



C {e) (b,t) = sup sup 

0<s<t0<x<2ir 



9^(b,s,i 



C (e \l,t) = sup sup 

0<s<t0<x<27r 



vS e '(s,x) 



C ie) (2,t) = sup sup 

0<s<t0<:r<27r 



0^(2; 



s,x, 



d ( \ 
sup -z-m ( 2 e >(s, 0) < p(2p - 1) 
o<s<t oe 

x (3tE Q \c^(l,t) 2 ^-^C^{2,t) 2 }+2t sup E Q \c^(l,t) 2 ^-^C^(2,t)\u x (s,x)\\ 

V L J 0<s<t L J 

The first term on the right hand side is bounded, independently of e, by an application of lemma 12. 
The second term is bounded, independently of e by an application of lemma 14. □ 



3 The Moment Equations 

Having constructed a priori bounds for the moments of solutions to equation (1) and a priori bounds 
on the Lipschitz constant, which are independent of e, the system of equations for the moment fields 
is now considered. 

Recall that u^ e \t, .) £ C 2,1 ([0, 27r]). It follows from equation (1) that u' e '(.,x) is a semimartingale 



for each x £ [0, 27r] and therefore Ito's formula may be applied to f(vS e '(.,Xi 



,u 



(0/ 



■ ,Xp)) 



,W 



u^ e >(.,x\) . . . u^ e '(., Xp). Set T(z) = J^n>i a„cos(nz). Ito's formula yields 



f[u^(t, Xj )= e - f Y^u^ x {s,x k )J{u^{s,x 3 )ds- f ^TuV^x^fluU^x^ds 

3=1 J ° fc=l jjtk J ° fc=l j=l 

+ E /* (ll u(e) ( s '^) J ^C(s,*k) + £ f ( II « (e) ( s >*j) I (-T"{x 3 -x k ))ds. (51) 

Recall the definition of m,p given in equation (3). To obtain an equation for m p from equation 
(51), it is necessary to show that Fubini's theorem may be used on each term of the right hand 
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side of equation (51) and that the martingale term is indeed a martingale. Fubini's theorem may 
be applied to the second and fourth terms, using theorems 13 and 11 respectively. For the (local) 
martingale term, note that by the Burkholder Davis Gundry inequality (theorem 4.1 and corollary 
4.2 on pages 160 and 161 of Revuz and Yor [4]) there exist constants K(q) < +oo such that 



Eq { sup 

0<s<4 



Y[u {e) {r,Xj)d r ((r,: 



rtk 



< K(q)E Q { 



qir 



:Y[uM(r,x j )) 2 (-T»(0))dr 



j^k 



<K{q){-T"{Q)) q / 2 t iq /^- 1 / E Q {\u(r,x)\ q }dr 

Jo 

which is bounded above by theorem 11. This gives that the (local) martingale is uniformly integrable 
and is therefore a martingale. 

The only 'problem' term is the first one on the right hand side. Recall equation (28), where U^ 6 ' is 
given by equation (13). This may be rewritten as 



u« = -e 



U : 



(0 



U<?Y 



Then 



V XXX OU XX U x c\ U % 



U® =-€, 

I {/(e) Jj(e)2 ' "J7( e )3 } ' 



(52) 



The solution of equation (13), with initial condition U^ € '(0,x) = 1, may be expressed using the 
Feynman Kacs representation in equation (24). Using 



f(x) =Y]a n ( / 
n>i V " /o 



cos(n(x + w£„))d0l n + / sin(n(x + w\ e l s ))dp 2n 



to simplify notation, where under P, w^ e > is a Brownian motion, with Wq = and diffusion 
coefficient e, it follows that 



uU = -±Ep[e--<fWf x (x)], 
C&> = i-E F [e^^\f x (x)f] - -E P [e- l J^f xx (x)\ 



(53) 
(54) 



and 
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Ui% = -i^ P [e-7/(*)(/,(x)) 3 ] + ^E P [e- l JWf x (x)f xx (x)} - -^[e'l^ f xxx (x)}. (55) 

To show that Fubini's theorem may be applied to the first term on the right hand side of equation 
(51), note that 



Eq< 



u x i(s,x k )^ Yl\u {e) (s,Xj) 



(56) 



< Ey 



Q 



U XX\ S 1 x ) 



1/2 



E, 



Q 



vS e '(s,x) 



2(P-1)1 1 / 2 f ,. 2^/2 

<C(s)E Q { u x i{s,x) 



where the constant C(s) < +oo, increasing in s, is obtained by an application of theorem 11 and is 
independent of e. 

Since the arguments for all the terms obtained by applying equations (53), (54) and (55) to equation 
(52) in estimating the right hand side of equation (56) are similar, only one will be sketched. Note 
that (for example) 



E, 



Q 



U. 



(«) 



u® 



< E t 



Q 



XXX I 



1/2 



E, 



Q 



uw 



1/2 



Note that, since f(x) is Gaussian, for any q G R, 



^■r(o)t 



E Q {(e-^) q }=e^ 

It follows (using Jensen's inequality on the function - for x G (0, +oo), which is convex in that 
region) that 



E, 



Q 



C/(*H 



Eq< 



1 



Ep 



,- l J(x) 



}<Eq\Ep 



,|/W 



} 



e< 



4r(o)t 



Let f^ n > = £p?f(x). Note that P almost surely f^ n '(x), is Gaussian with respect to Q, with 
Eq {/( n )2<?-i} = and E Q {f^ 2q } = (-l) n (r( 2n )(0))«^ri%i( 2 J ~ l ), for a11 integer q > 1, where 
t/(2«.) d eno tes the 2nth derivative of T. It is now easy to use Holder's inequality to compute an 
upper bound for Eq < U xxx >, Eq < U xx > and Eq < U x > for all k > 1, since these will involve 
r( 2n '(0) for n < 3, which is bounded by hypothesis 1. These bounds depend on e and are increasing 
as t — > +oo and as e — > 0. It now follows that there exists a non negative function C(e, t), increasing 
in t, such that for any t < +oo and any e > 0, C(e, t) < +oo and such that 



SUp SUp Eq 

0<s<t(xi,...,x p )sRP 



u ii( s i x k)\ n \ u(e) ( s ' x j) 



> < C(e,t). 
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It follows that, for fixed e > and t < +00, Fubini's theorem may be applied to equation (51). 
It has already been seen that the martingale term is a martingale, starting from at t = and 
therefore has expected value 0. It follows that 

—m p e) {t;xi,...,x p ) = -A x m p e) (t;xi,...,x p ) (57) 

- 2 5Z faT : m p+i(*! X!,...,x p , Xj) + ^2(-T"(x k - xi))m p %(t; x kl x t ), 
3=1 i k<l 

m p € \0;xi,...,x p ) = 

where -£— means differentiation with respect to both appearances of Xj and m p -2{xk,%l) nieans 
that the variables x k and x\ are excluded; m p _2 is a function of the other p — 2 space variables. 

u(t,x) = —u(t, —x) and C(£, x) = C(*> ~~ x )- Then, it is straightforward to compute that 

j d t u = {\u xx - \{u 2 ) x )dt + dtCx 
\ u(Q,x) = 0. 

From this, and noting that £ and £ are identically distributed, it follows that 



m p (t;xi,...,x p ) = E Q {u(t,x 1 )...u(t,x p )} 

= E Q {u(t,x 1 )...u(t,x p )} = (-l) p m p (t; -xx, . . . , -x p ). 

It follows that mL , (t, •) is an even function and that m^ , . i(t, .) is an odd function for each integer 
p > 0. That is, for each integer p > 1, 

m 2 p(t;xi, . . . ,X2 P ) = rri2p(t; —xi, . . . ,-x 2p ) Ve > 0, x e R 2p , t <E R+ (58) 

and 



m^ +1 (t-,Xi,...,x 2 p+i) = -rn2 P +i(t-,-x 1 ,...,-X2p+i) Ve > 0, x G R 2p+1 , t € R+. (59) 

In particular, 77l 2 p , i(£ ; 0) — f° r all £ > and all p > 0. This, together with the upper and lower 
bounds on m p (t, 0) uniform in e and together with lemma 15 gives that for each integer p > and 
all T > 0, 

limsup sup \m p ei \t,0) - m p e2 \t,0)\ = 0. 
0<<Ei<e 2 ^0 0<t<T 

Set M ( p\t) :=mp e \t;0,...,0). 
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Lemma 16. For all non negative integer p and for all t £ R.+ , the limit M p (t) := lim e ^.Q M p (t) 
is well defined. 

Proof of Lemma 16 Firstly, by theorem 11, sup 0<(E<1 sup 0<t<T \Mf'(t)\ < K(p,T), where K(p,T) 
is defined on the right hand side of inequality (36). Consider p odd; that is p = 2q + 1 for non 
negative integer q. Then M^.^t) = 0, so that M2 q +i(t) := lim^o -^Qq+iW = ^- Secondly, 
consider p even; that is p = 1q for non negative integer q. Then M^ '(t) > for all e > and all 
t e R. Let 

M% = sup M^(t), M® = inf M 2 ( J(i). 

0<<5<e 0<<5<e 

Then, from lemma 15, which states that for each t > 0, there is a constant C(q,T) < +oo such that 
sup e>0 §- e M^(t) < C{q,T) for all i G (0,T), it follows that 



M^<M^<M^+eC(q,T), 



from which 



Set 



limM^(n - limAfg(t) = limM 2 ( ; ) (t). 



,-,,— 4 



e->0 



□ 



/4 e) (i;xi,...,x p ) :=m^ e) (i;exi,...,ex p ). (60) 

Let K(p,T) denote the uniform Lipschitz constant for (m^ e '(t, ■ ))o<e<i,o<t<T found in theorem 13. 
That is, for the remainder of the article, K(p, T) will denote a finite positive constant such that 



sup sup sup 

0<t<T j£{i,..., p } (xi,...,x p )eIV 



d 



n \P'i X ll • • • ) S'pJ 



< 



0<t<T( 
Note that, for any fixed x\, 



sup sup Eq{ u^\t,x 1 )u (e) (t,x 2 )...u ( - e \t,x p ) } < K(p,T) 

<t<T (x 1 ,...,x p )eRP L > 



(61) 



> X T>1 



Set 



,W 



lim|//^ e; (t;a;i,. ■ -,x p ) - M p (t)\ 



< 



lim |/4 e) (t;xi, • • • ,x p ) - M^(t)| + lim |M^(t) - M p (t)| 



e->0 



e->0 



<lime(^|x,|)^(p,T)+0 = 0. 



i=i 



(/> p e) (t;xi,...,x p ) := 



/ip (r; x\, . . 



MJ, e \t) 



(62) 
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Note that, by equations (59) and (58), (l>2p+i 1S an °dd function and (p^ is an even function for all 
integer p > 1, all e > all t G R+. That is, 



4p+i(*;zi, 



,x 2 p+i) = -4>2 P +i{t;-x 1 ,...,-x 2p+ i) Ve > 0, x G R p+ , i G R + (63) 



and 



(e) (t;xi,...,x 2p ) = 4; ) (t;-x 1 ,...,-x 2p ) Ve > 0, x G R 2p , i G R 4 



y 2p 



Lemma 17. /£ /io?g?s that 



\<f>£>(t;x 1 ,...,x r 

sup sup sup j=p j — - 

0<t<T0<e<lxi,...,x p (l^j=i\ x j\) 



<K(p,T) 



and, for all j G {1, . . . ,p}, 



(64) 



(65) 



\(pp (t; xi, . . . , Xj + ft, . . . , XpJ 0p ( t; xi, . . . , Xj, . . . , x p J 
sup sup sup urn sup 



0<KT0<e<lxi,..,3i p h^O \h\ 

where the existence of a constant K(p,T) independent of e, is guaranteed by theorem 13. 



<K(p,T) 

(66) 



Proof This is an immediate consequence of Taylor's expansion theorem, together with theorem 13. 
In the second part, for example, 



sup 
0<t<T 



4>p(t;xi,. 


' ' j ~^~ ' * 


• ' 1 %p) 


- <f>p e '(t;xi,. 


■ ! %p) 






h 







sup 

0<t<T 



,w 



('),,.. 



m p (t; exi , . . . , exj + eh, . . . , ex p ) — m p (t; ex\ , . . . , ex 



eh 



<K(p,T). 
Equation (65) also follows directly from the definition, using 

1 V 

\4\t; Xl , . . . ,x p )| = \-(m^(t; exi, . . . , ex p ) - m^(t; 0, . . . ,0))| < K{p,T) £ 

by Taylor's expansion theorem. 

Let <3?p : R+ x R p ->Rbe used to denote the function 



i=i 



*£>(*;.) = / 4> p €) (a,.)d 
Jo 



a. 



D. 



(67) 
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Lemma 18. M p is Lipschitz. That is, for each T < +00, there exists a constant C(p,T) such that 

sup Umsu^ t + h l- M ^)<C( P ,T). 

0<t<T V h^O h ) 

Proof of lemma 18 Note that 



— fip [t'jXl) • • • , Xp) = — A x (/)p \t]Xli • • • , Xp) 



1 •-) 

~2 Yl far^p+ifo Xi,...,x p , x j) + ^2(- T "( e ( x j ~ x fc ))/i (e) (t; Xj,x k ). 
This may be rearranged as 



j<k 



1 1 p F) 

-A(j)^(t; Xl ,...,x p ) = -J2 -Trr^pi^t; xi, . . . , x p , : 



+ < 



3=1 J 



—VpHt; xi,...,x p )- ^2(-T"(e(xj - x k ))n p Z 2 (t; Xj,x k ) 



d_ 
di' 



j<k 



With a change of notation from earlier, set 

iV(x) = 



RP (2^ eXP ^^^^ /(y)r/y 



2.s 



(68) 



and set p(r;z) = -- — — ^ exp < — ^- >. By integrating all terms of equation (68) against the test 
function - J^ p{r;~x. — y)dr, it follows that, for all s > 0, 

-/ / p(^;x-y)-A^ e) (t;y)cir(iy- — V / / ^— p(r;x - y^^^yi, • • • ,y p ,y 3 )drdy 
s Jw Jo z zs ~~[ Jw Jo ox j 

= di\~s p rfJ-p ) (t;x 1 ,...,Xp)dr) -^- / P r (-T"(e(xj - x k ))ix p %{t;Xj,x k ))dr. 



Note that lim^o - /n Prl^p \t', X\, . . . , x p )dr = M p (t) and that 

lin ?>y] _ / p r(-r"(e(a; i - x k ))fXpi 2 (t;xj,x k ))dr 
e ^°~1, s Jo 



p(p - 1) , _,, 



r'(o))M p _ 2 (t). 



Since jA is the infinitesimal generator of P s , it follows that for all s > 0, 

- / p(r;x-y)-A^w(t;y)drdy = 

s Jrp JO ^ s 



(69) 
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The observation that equation (69) holds for all s > has to be made. When the article did not 
have this, it received a referee report stating that equation (69) did not hold for all s > 0; the referee 
stated that equation (69) only held in the limit as s — > 0. The referee therefore assumed that lim s _^o 
was intended and that the author had made a 'flagrant error'. This was from a respectable journal 
and the editor sent the author an electronic mail assuring him that the referee was 'an expert in 
the field' ('the field' was left undefined). 

Since p(s;x) = -- — t—j^ exp I —^T \, it follows that for any s > and any bounded continuous 
function / : R p — > R, 

JT [ W \^e~^y\ 2 / 2s f(y 1 ,...,y p )dy = - f ^^-p(s, X - y)f( yi , . . . ,y p )dy. 
oxj y RP (2tts)p/ 2 Jrp s 

It follows that for all h > and < t < T — h, 



M v (t + h)- M p (t) = yKr n y (-r"(0)) / M p . 2 (r)dT 

r-t+h 



£^) ( _ no))j r 

+ lim H- J (P 8 $> (r, x) - 4> ( p e) (r, x))dr 

IJ2[[ S ^^v(x - y) f +k ^Ut; yi ,...,y p , yj )drdy ) . (70) 

jS .-_ i Jw Jo r Jt I 



=1 JRP JO 



The estimate from lemma 17 (namely, that sup <t<j i \4>p (£,x)| < K{p,T) ^ • \xj\) gives 

sup \p s <p p ^(t,*)\ < k( p ,t)J2 f \yM s ^-y) d y 

0<e<l j JRP 

< K(p,T) V / (\xj-yj\ + \xj\)p(s;x-y)dy 
= K(p, T) \Y d \x i \\+ \J^PK(P, T). 



(71) 



Similarly, 
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sup 

0<e<l 



£ 



1 Jup Jo r 



p r (x - yjcp^iyi, . . .,y p ,yj)dy 



<K(p+l,T)Y^ 



j=i 



Ri JO 



Vj 



•p(r;x-y){2|y j | + S ^ j \y k \}dy 



Mi 



<K(p+l,T)J2\2\ Xj \+J2\xk\\ I I 



C J ~ Vj 



p(r;x-y)dy 



\Vi\. 



-K( P +l,T)J2[ f' m p(r;y){2\ yj \ + J2 

2^2{p + 1 



Vk\ 



> dy 



2 -^^K(p + l,T)^\ Xj \)^ + 2pK(p + l,T)^ + ^^ 



s. 



Now, using the upper bound, uniform in e given by equation (36) in theorem 11, it follows that for 
t G [0,T], there is a constant c(p,T) < +oo such that sup <t<T |-^2(p-i)(^)l — C (P>T). 
Taking s — > +oo, it follows from equation (70) that 



sup lim sup 

0<t<T h^O 



M 2p (t + h)- M 2p (t) 



< p(2p - l)(-r"(0))c(p, T) + 4pK(2p + 1, T) ( 1 + 



4(2p - 1) 



7T 



Lemma 18 follows. 



(72) 



□ 



,(0 



Lemma 19. Let & p J_i be defined according to equation (67). Then for all p > 2 



lim 



M P (t) - P(P n 1} I M p . 2 {a)da 
2 Jo 



1 P 
— lim — N 

s— >+oo 2s ^ — ' 



"- + x -' s ^ 7 o ^ r 



x i % , 



,W 



p(r,x - y)$p+!(t;yi, . . .,y p ,yj)dydr 



Proof From equation (70), it follows that 
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lim 



M P (t) - PijP n l) [ M p „ 2 (a)da 



"*/d» 



(e). 



f (P s (Pp («,x) - 4>p j (a,x))da 



1 p 

-T 



2s ^ 



1 JO JR.P 



S 



(73) 



r 



<.(«) 



■p(r,x-yW / ^ 1 (a;yi,...,y p ,y j )(iQ^(iy(ir 



This holds for all s > 0. Recall equation (67). Using equations (65) and (71), it follows that for all 
< t < T < +oo 



r(/pi) 



J Q {Ps9p K*) - <^p (a,x))da 



(0, 



< 



1 /2 



-TK(p,T) V l^-l + — J-pTK(p,T) 

s i V s V vr 



so that 



lim 



2 JO 



1 p 



2s^Jo ./r/' '■ 



x i %' , 



iW 



p(r, x - y)^!^; yi,...,y p , yj)dydr 



< 



2 P 1 A2" 

-TK(p,T) V |x,| + J-pTK(p,T). 

S f— f V s V 7T 

.7 = 1 



Now, letting s — >■ +00, the result follows. 



(74) 

a 



Proposition 20. Lei p 6 Z + (£/ie non negative integers) let $ij_i, fre i/te function defined 
equation (67). Then, for all T £ (0, 00) and any bounded domain D € R p , 



an 



sup lim sup sup 

0<e<l «->+°° 0<t<T x£D 



P a 

Y — 



i=i 



&Cj Jrp (2tts)p/ 2 



]^e-\*-r\ a '**V{t- t y 1 ,... t y p ,v J )dy 



.«W 



In the following, the £ in the notation will be suppressed; & f^xi, . . . , x p +i) will be used to denote 
^p+i^; x i> • • • > x p+i) an< i it will be assumed that < t < T where T < +00. 



Proof of Proposition 20 Set 



®pl 1 (s;xi,...,x p+ i) 



J 

JRP- 



(2tts)(p- 1 )/ 2 



1 \^p— 1 2 f-A 
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and set 



1p (S, X±, . . . , Xp—i, Xp, Xp-\-\ ) 



-z 2 /2s^.{e) 



( 27rs )l/2 e Z S$ P+l( S; Xl+Z,..., Xp-i + z, x p , x p+ i)dz 
— e -^ 2 /2s|,W ^ s . Xl) . . . ; x p -i,Xp + z, x p+1 + z)dz. 



Using the bound in equation (66), together with equation (62), it is straightforward that 

<TK(p+l,T). 



sup sup 

0<e<lxeRP+ 1 






dx 



From this, it follows directly that for all (j, k) G {1, . . . ,p — l} 2 , 



sup sup 

0<e<l x eRP +1 



d 2 



dxjdxt 



-1p yS, X\, . . . , Xp—l, Xp, Xp-\-\) 



sup sup 

0<e<lxeRP+ 1 



I) 2 



dxjdxk Jr (2ns) 1 / 2 



-z 2 /2s 



1 



-J2 p i=l( x j~yj~ z ) 2 



- e 2., ^j 



RP -i (2tts)(p- 1 )/ 2 

x $p+i(yi, • • • , y P -i,x p , x p+ i)dydz 



< sup sup . , 

0<e<lxeRP+! Jr. (2,ns) L i' 



-z 2 /2s 



1 



rp-i (2tts)(p- 1 )/ 2 



L E?=ife-%-*) 2 



e 2 S ^j 



<TK(p+l,T) / 
J — i 



Xk-Vk- z 



_d_ 

d Vi 



,« 



Qpi^yi, ■ ■ ■ ,y p -i,xp,x p+1 ] 



dydz 



\y\ 1 „-\v\ 2 /2s 



s (2ns) 1 / 2 



dy 



TK(p+l,T) s -^0. 



(75) 



Set 



d 

7 (e) (s; x 2 , ■ ■ ■ , £p-i, x p , x p+ i) = - — V (e) (s; xi, x 2 , • • • , x p _i, x p , x p+ i) 



x 1= 



then it follows directly from (75) that 



lim sup max sup 

: ^ +0 ° (x2,...,x p +l)SRP ie{2,...,p-l} 0<e<l 



<9 (e)/ . 

T l^! X2j • • • j Xp_l, Xp, Xp^-l 



dxj 



(76) 



and hence that for any bounded D C R p * and all (x p ,x p +i) G R 2 , 



lim sup sup 

'(j2 r .,i rl )eD0<Kl 



s— »+oo , 



7 (e) (s;x 2 ,... ,Xp_i,Xp,Xp+i) -7 (e) (s;0, . . . , 0, x p ,x p+ i) =0. (77) 
From equation (76), it follows by Taylor's expansion theorem that for any bounded subset D C R p_1 , 
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V> (e) (s;xi, . . .,Xp- 1 ,x p ,Xp +1 ) = ip( e \s;0, . . .,0,x p ,x p+1 ) 



p-i 



p-i 



= 7 (e) (s; 0, . . . , 0, x p , Xp+i) ^ Xj + - ^ 5| fc V (e) («; x*, . . . , x*_ l5 x p , Xp+i) 

j=i j,fc=i 

where |x*| < |xj| for j = 1, . . . ,p — 1. It follows from (75) that for any bounded D C R p+1 , 



lim sup sup 

s ^+°°xeD0<£<i 



p-i 



ip( e \s; xi, . . . , x p _i, x p , x p+ i) - 7 (e) («; 0, . . . , 0, x p , x p+1 ) ^ 






i=i 



0. (78) 



Taylor's expansion theorem applied to the first p — 1 variables of dip( e '(xi, . . . , x p -i,x p , x p +\) gives 
that there are points x*, ■ ■ ■ , x* 1 such that < \x*A < \xj\ such that 



p-i 



dj?p (e) (xi, . . . , x p _i, x p , Xp+i) = 7 (e) (0, . . . , 0, x p , x p+ i) + ^ x fc 9| fc V (e) (xi, • • • , x*_ 1; x p , x p+ i) 



fc=i 



from which it follows, using equations (75) and (77), that for any bounded set D C R p+1 , 



lim sup sup 

s ^+ M xei)0<€<i 







—— V> (e) (xi, . . . , Xp_i, x p , Xp+i) - 7 (e) (s; 0, . . . , 0, x p , x p+1 ) 



Ox 



0. 



j€{2,...,p-l}. 



By construction, ^(s;xi, . . . ,x p _i, x p , x p +i) = ip(s;x a ^ + a, . . . ,x CT ( p _ 1 ) + a,x p+ \ + a, x p + a) for 
any permutation a of {1, . . . ,p — 1} and any a € R and all (a?i, . . . , Xp+i) £ R p+1 . From equation 
(78), it follows that for any bounded D C R p+2 , 



lim sup sup 

S->+OO 0<e<1 ( xl) ... jXp+lj0 )g£> 



(79) 



p-i 



V> (e) (s; xi, . . . , Xp-i, x p , x p+ i) - 7 (e) (s; 0, . . . , 0, a + x p , a + x p+1 ) ^(o + Xj) 

3=1 



0. 



It follows that 



lim sup sup 

s->+oo 0<e<1 ( xl) ... jXj(+1)0 ) 6 u 



P-I 



7 (e) (s; 0, . . . , 0, x p , Xp+i) - 7 (e) (s; 0, . . . , 0, x p + a, x p+ i + a) J ^ x^ 

— (p — 1)07^ (s; 0, . . . , 0, x p + a, x p+ i + a) = 0. 
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From this, it follows (by considering the coefficient of Y^j=i x j) that 



lim sup 

s -H-°°0<e<l 



and hence that 



7 (e) (s;0, ... ,Xp,x p+1 ) -7 (e) (s;0, ... , 0, x p + a, x p+i + a) 







V(a, x p ,x p+ i) G R 3 



lim sup 7 (e) (s;0,...,0,0,z) -7 (e) (s;0,...,0,x,x + z) =0 V(x,z)gR 2 . 

s ^+°°0<e<l 

Using this, it follows by considering the term (p — l)a^ e '(s; 0, . . . , 0, x p + a, x p +i + a), that 
lim sup |7 (e) (s;0, . . . ,0,x p ,x p+1 )\ = V(x p ,x p+ i) G R 2 , 

s ^+°°0<e<l 

from which it follows that for any bounded domain D C R p+1 and all j G {1, . . . ,p — 1} 

9 



lim sup sup 

s ^+°°xGD0<e<l 



dx- 



ip( e \s;xi,... ,Xp-i,x p ,Xp+i) 



0. 



Now note that 







-|x y| 2 / 2s $^ 1 (y 1 ,...,y p ,y p )dy = -— ^ (e) (s; Xi, . . . , X p _i, X p , X p ) 



where the differential ^- refers to both appearances of the variable x p and, since 

1p \S, X\ , . . . , X p _l , X p , Xp) — ip \S, X\ x p , • • • , x p _i x p , u, UJ, 
it follows that 



1 



-|x-y| 2 /2s a M 



d 
~dx~ p 7 RP (2tts)p/2' 

from which, for any bounded D C R p , 



p-i 



9 



<S> p l 1 (yi,...,y p ,y p )dy = - ^ — Y> (e) (s;xi -x p , ...,x p _i -x p ,0,0), 



lim sup sup 

^+°°0<e<lxeO 







dx p J RP (2tts)p/ 2 



i=i 



-|x-y| 2 /2s a W 



*p-i-i(yi,---,yp,y P )dy 



o. 



Let 



Tj{k) = < 



k k^ j 
p k = j 
j k=p 
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The result now follows by noting that for j £ {l,...,p}, 

$pji( x i> • • • ' x p> x i) = $ J+i( x t,(i), ■■■, x Ti(p ),Xj), 
from which it follows that 

A f 1 r -|x-y| 2 /2s^( £ ) 



sup lim sup sup , 

0<e<l^+°°0<t<TxeD OXj J nP (2Trs)P' z 

for each j = 1 , . . . , p and hence that 



®p+i(t;yi, . . . ,y p ,yj)dy 



sup lim sup sup 

0<e<l s->+°o 0<t<T x£D 







~ dxj J RP (2tts)p/ 2 ' 



\*-yW*<f>U(t-,y 1 ,...,y p ,y j )dy 



Proof of theorem 1 Lemma 19 gave 



D 



M p (t)-^-^-(-T"(0)) f M p _ 2 (a)da 

2 Jo 



< lim sup 



S&oh \JZf Pr(J rj ^ 1 {t-,x 1 ,...,x pi x j )^drj 



By proposition 20, it follows that for each r > and each T < +oo, x € R p , 



lim sup sup 
s->-+oo 0<t<T0<6<1 



iW 



/7 p+lV ' * Cl ' ' ' ' ' X P> X 3' 



dx 



0. 



This, together with the the uniform bound 



sup sup 

0<«<T (xi,...,x p )6lV 



r rl P +l\'l X ^1 '"' 1 X Pl X j) 



<2TK(p+l,T) 



and the bounded convergence theorem, imply that 

lim — / P r ^— ^i+i(*; xi, . . . , x p , XjOdr 
s-^+oo 2s ,/ dxj '^ 



s— >+oo 

0. 



d 



iW 



''"' ' Psr d~ ®P+l(' t > Xl '---> x P> x 3) dr 



'■J 



It follows that 



M p (i) = ^-il(-r"(0)) f M p ^{a)da. 

2 Jo 



(80) 



45 



Since M\{t) = and Mo(t) = 1, the result follows for t £ [0, T], by solving the system of equations 
(80). By taking T arbitrarily large, the result holds for all < t < +00. □ 

Theorem 2 is now considered. Firstly, it is shown that the solutions to the equation (1) converge in 
LP norm as e — > 0, for all p > 2. 

Let C : R+ x f2 — > R + denote C(l, .) from equation (43) and recall that for each t £ R+ solutions 
to equation (1) satisfy 

sup sup sup \u^ e '(s,x)\ <C(t) 

0<s<txe[0,27r)0<e<l 

and that, from the inequality (46), the definition in equation (45) and the computation below 
equation (46) that Eq < C p (t) > < +oo. The bounds are given in theorem 11. Furthermore, the 
result of theorem 1 is that 

lim^-E^y** \ U M(t,x)\ 2 *>dx} = [n(2j-l)j (-r"(0))^ P - 

The following argument shows convergence of u" e ' in norm as e — > in the L p spaces. The following 
result is required. 

Theorem 21. Let v : [0,1] x [0, 2ir] — > R be a process for which there are three strictly positive 
constants 7, c, 5 such that 



£Q{|t> (ei) (xi)-t> {e2) (x 2 )| 7 }<c(|ei 
then there is a modification v of v such that 



e2| + |xi-x 2 |) 2+5 



r, if \V^\ X1 ) ~ V^\X 2 )\ yi 

Eq I SUp y t K —^ : *-^- \ } < +OO 

I V(ei,xi)#( e2l X2) d X l ~ X 2| + |C1 - e 2 \) a I J 



for all a E [0, 5 - ] 



Proof This is a standard result and may be found, for example, as theorem (2.1) on page 26 of 
Revuz and Yor [4]. There it is presented for v : [0, 1] x [0, 1] — > R; the rescaling is standard. □ 



Lemma 22. Consider the system of equations for e > 0: 

'■rlt 4- FLf 

(81) 



f d tV u = i v u>dt - \u^ 2 dt + d t ( 

\ v^(0,x) =0 

d tU ^ = ^uildt - \(u^ 2 ) x dt + dtC x , g2) 

u^{0,x) = 
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The solutions v^ e ' and vS e > to equations (81) and (82) respectively in S* (defined in equation (12) in 
the statement of lemma 5) converge in L p norm to functions v and u respectively, which respectively 
satisfy 

{ d t v + ±u 2 dt = d t ( , g3 , 

\ v(0,x) =0 

and 

{ d t u + \{u 2 ) x dt = dtCx (M) 

\ u(0,x) = 0. 

Proof Firstly, theorem 7 gives that for e > 0, equation (82) has a unique solution in 5* for each 
p > 0, hence equation (81) has a unique solution in S* for each p > 0, since once u" e > is established, 
equation (81) is linear and existence an uniqueness follows directly in a straightforward manner. 
Set v^ 6 ' = -QiV^ e K It follows, simply by taking the derivative with respect to e in equation (81) and 
using Vx = vS € > and v X x = u£ > that 

\ tiW(0,x) = 0. 

Since f^T" 7 — u^ e \t, x)-fj- is the infinitesimal generator, given in equation (31) of the process X from 
definition 8, it follows directly that 



/o 
Now recall that 



v {e) (t,x) = \ f E P \u&(8,X 8it (x)j\ ds. (85) 

1 Jo L J 



X { :}{x) = x+ (wf ] - w$) - J vP (r,X$(xj) dr 
(equation (32)). Taking the derivative in x and suppressing some appearances of e in the notation, 



X' st (x) = l- j u x (r,X rtt {x))X' rt {x)dr 



VxGR, 



giving 



and hence 



X 8,t(?) = exp|- / 



u x (r,X rtt (x))dr 



\ogX^ t (x) = - / u^(r,X ryt (x))dr. 
Jo 



It now follows from equation (85) that 
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v^(t,x) = --E P [\ogX' 0yt (x)]. 



It follows that 



E Q {\^\t,x)\ 2p } 

^ jr P { E Q {Ep [(logX^(x))^ Xx , t{x)>1 \ } + E Q {E P [(logX' 0tt (x)) 2 t>xxiJ x )<i} } 



= 1 + 11. 
For part /, note that 

and 



dx 2 



— UogxJ p = 2p 

dx x 



2 2p(2p-l)(logx) 2 P- 2 2p(logx) 2 P- 1 
( gx) = ^ x~ 2 ■ 

2 p (logx) 2(p-l) 

= 2 ((2p- 1) -logx). 



The niaxinium of ^(logx) 2p in the range x € (0, +oo) occurs at e 2p 1 and is 2p(2p — l) 2p 1 e ' 2p 1 K 
It follows that, for x £ [1, +oo), 

(logx) 2p < 2p(2p - l) 2 ^^-^- 1 )^ - 1) < (2p) 2p x. 

Since J 27r X'(x)dx = 2tt, X' > and £q{|^)(£,x)| 2p } = ^ / 2w £ Q {|^ e )(£,x)| 2p }(ix and, for x > 1, 
(logx) 2p < (2p) 2p x, it follows that 



i < (2 P y p . 



Set u r = d>, then 6 satisfies 



I d t 4> = ^4>xxdt - 4> 2 dt - ucj) x dt + d t ( x 
\ <f>(0,x) = 0. 
Note that u x = <p < w, where w satisfies 

J d t w = ^w xx dt - uw x dt + dtCxx 
[ w(Q,x) = 0. 

The solution to equation (86) may be written as 



(86) 



w(t,x) 



Vn 2 a n f I E P [cos(nX s , t (x))]d s p ln (s)+ [ E F [ S m(nX. %t (x))]d s (3 2n (s 



n>0 

6(2;t,x 
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where 9 is defined in equation (37). Since 

X' Qt (x) = e -fo u *(r,X t Xx))dr > & - f* e(2;r,X t ,(x))dr ^ 

it follows that 

E Q {E F [(log(X^ t Al)) 2 P]}<t 2 PE Q \( sup sup |0(2; s,x)\) \, 

[ \0<s<t x /I 

which is bounded above independently of e by an application of lemma 12, so that 

II < K(2p,t) < +oo 

where K(2p,.) is an increasing function such that K(2p,t) < +oo for each t < +oo, which is 
independent of e. It follows that for each T < +oo 



(87) 



sup sup E Q \ v {e) {t,x) P I < (2p) 2p + K(2p,T) < +oo. 

0<t<T0<e<l L J 

Recall the definition of ||/|L(t) given in equation (19). From equation (81), 

Integration by parts and applications of Holder's inequality yield that for positive integer p, 

l||^)||g(t) = - ep (2p- 1)E Q U f V V 2 <r-% 2 x dx)\ - P E Q jY f v^^u^dx) 
+p(2p - l)r(0)£7 Q | C | w^^daA | 

< Pll^llJ-'lltiWft+pCap- i)lb (e) |||- 2 r(0), 

so that 

f i t \\v^\\l p {t) < ||^)|| 2p ||^)|| 2 p + (2 P -i)r(o) 
\ lb (e) || 2p (o) = o. 

It has already been established that, for T < +00, there is a constant K(p,T) < +00 such that 

sup \\u\\l p (t) < E Q {C Ap (l,T)}^ 2p < K(p,T) < +00, 

0<t<T 

where C(b,t) is given by equation (43) and the existence of a finite upper bound K(p,T) follows 
from lemma 12. It follows that 

\\v {e) \\2 P (t) < (1 + (2p-l)T(0)t)exp{K(p,T)t} 
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and hence that for any T < +00 and any p > 1, v € L p ([0, T] x [0, 2ir] x $7). That is, for each there 
is a positive function C(p,t), increasing in t, with C(p,t) < +00 if t < +00 such that 



\v {e) \\\T,p---- 



/ / SQ|| V ( e )(t,x)|PJdxdtJ <C(p,T). 



Let 



if 1 (p, t) = Eq I sup sup sup \u ye '(s,x)\ p 

< 0<s<t0<x<2n0<e<l 



and note that, since v^ e '(t, x 2 ) — v^ e '(t, X\) = f X2 u^ e '(t, y)dy, it follows by a standard application of 
Holder's inequality that 

sup sup E Q {\v^(t,x 2 )-v ( - e) (t,x 1 )\ 2p }<\x2-x 1 \ 2p K 1 (2p,T). (88) 

0<£<T0<e<l ^ > 

Let K(p,T) denote the same quantity as in equation (87). From equation (87), it follows that for 
all (ei,e 2 )G(0,l] 2 , 

sup sup E Q {\v^(t,x)-v^(t,x)\ 2p \<\e 1 -e 2 \ 2p ((2p) 2p + K(p,t)) 2p , (89) 

From equations (88) and (89), it follows by an application of theorem 21 that 



e^O 



0<t<T L0<x<2?r 



lim sup EqI sup \v^(t, x) — v(t, x)\ p }> = 0. 



from which 



I (e) III e -*9 n 

\V y ' — v\\\t,p — > 



for each T < +00 and each p > 0. It follows that Q almost surely, for all T > 0, (m, n) G Z 2 , there 
is a random variable A:r(m, n) such that Eq {|Ar(m, n)\ p } < +00 for all < p < +00 and such that 

cT ,-2-k 

I e isrn^+ixn v {e)(^ x j dxdt ^ X T (m,n). 

Jo 
Recall that u^ = vi e \ Also, 



sup sup sup \w £ '(s,x)\ < C(l,t), 

0<e<10<s<tO<x<2TT 

where C(b,t) is given by equation (43). 

By lemma 12, for each p > 0, there is an increasing non negative function K(p, .) such that K (p, t) < 
+00 for t < +00 and E{C p (l,t)} < K(p,t). It follows that Q - almost surely, u^ 6 ' converges weakly 
inL 2 ([0,T] x [0,2vr]) to 



u(t,x) = ■^-Y J - ine ~ {itm ^ +inx)x T{m,n). 



2irT 

mn 
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It is standard that Q - almost surely, the weak limits of the solutions of equations (81) and (82) 
solve equations (83) and (84) respectively. On [0, T] x [0, 2n], let 



U ^(t,x) = ^E" ine(ita ^ +!ra)A T ) ( m ' n )- 



Then 



u^ 2 (t,x) 



(2^) E E n 1 (n-n 1 )^ itm ^ +inx h^(m 1 ,n 1 )X^\m-m 1 ,n-n 1 ) 



ran mini 



and 



y ni(n — ni) ( Ay (mi, 77i)Ay (m — mi, n — rii) — Ar(mi, ni)A-r(m, — mi, n — m) ) 

iimi 

— A^ pi A^ (mi,ni) (n — ni)Ay(m — mi, n — ni) — (n — rii)A-r(m — mi, n — ni) 

mini 

+ ^ |(t7 — 77i)At(777 — 7771,77 — 77i)| U\ Ay (ffll , 77i) — 77i At(777i , 77i) 
mini 

< ( fe" 2 l4 e) K»)l 2 ) + (Y. n2 \^(m,n)A 
\ \m,n / \m,n / 

X /..J 71 \ T \ m : n ) ~ Ay(777,77) 
\ mn / 



Firstly, 



Y^n 2 \\f{m,nf 



2vrT 



T ,-2 



JO 



n^(t,x)| 2 dxdt <C 2 (T) V0<e<l 



where C(T) = sup 0<e<1 sup 0<t< y sup 0<;r< 2 7r \u^ € '(t, x)\ and Eq I C{T) P > < +oo for all < p < +oo. 
This implies that the dominated convergence theorem may be used on 



y n Ay (m, 77) — At (777,77) 



Since |Ay (m, n) — Xt(m, n)\ - — > for eacn (777, 77), it follows that u^ £ ' 2 converges to v? and hence that 
weak limits of the solutions of equations (81) and (82) solve equations (83) and (84) respectively. 
By integrating equations (81) and (83), it follows that 

T flit rT rllt 

\ u^ 2 {t,x)dxdt'-^ / u 2 (t,x)dxdt. 

Jo Jo Jo 
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Furthermore, since Q - almost surely, u is the weak limit of u^ e ' and u G L 2 ([0,T] x [0, 27r]), it 
follows that 

/ u^ e '(t,x)u(t,x)dxdt - — > u (t,x)dxdt. 

o Jo Jo Jo 

It follows that, Q-almost surely, for all T < +00, 

T p2tt . .2 f'T p2n nT / i 27r 

(u (e) (£,x) -u(t,x)) dxdt = u {e)2 {t,x)dxdt+ I \ u 2 (t,x)dxdt 

•/() ' Jo Jo Jo Jo 

T t-2-n 



-2/ / u (e) (t,x)u(t,x)dxdt —X0. 
Jo Jo 

It follows that Q - almost surely, u^ e '(t, x) — > u(t,x) for Lebesque almost all (£, x) G [0, T] x [0, 2n] 
for all T < +00. The dominated convergence theorem therefore gives 

limEol— [ [ * u {e)2p (t,x)dxdt\ = EqI— I I lim u ( - e)2p (t,x)dxdt\ 
e^o { 2vr J J J [ 2vr J J €^+00 J 



From the bounds on u^ e '(t, x) uniform in (e,t,x) G [0, 1] x [0, T] x [0,27r], convergence of w e > to u 
Q almost surely for Lebesgue almost all (i, x) G [0, T] x [0, 2ir] and convergence of the LP norms, 
it follows that w e > converges to u in the L p norm topology for each 1 < p < +00. Lemma 22 is 
proved. □ 

Proof of theorem 2 This follows directly from lemma 22. □ 

4 The Invariant Measure for the Stochastic Burgers Equation 

The result in this article given by equation (4), concerning the growth of the moments for equation 
(1) is of interest, following the results found in the article [1]. These results show existence of an 
invariant measure for the viscosity solution of the inviscid Burgers equation 

d t u + -(u 2 ) x dt = dtCx, 

where the hypotheses on £ in that article include the hypotheses stated in hypothesis 1 of this article. 
The viscosity solution is the solution obtained by letting e — > in equation (1). All moments of the 
invariant measure considered in that article exist, as outlined below. The argument presented by 
E, Khanin, Mazel and Sinai in [1] is based on Varadhan's theorem from large deviations. Starting 
from equation (13), solutions to equation (1) are given by the Cole Hopf transformation, equation 
(28). Consider the action functional 
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1 /■* °° / /■* 

- / i 2 (s)ds + ^2a n I / cos«(.' 



A(i-A). - ^ / n £*(*)& + 1J ^ ^ ^ cos«( S ))d s /3 ln ( S ) + | S in«( S ))d s /3 2 "( S ) ) .. (<)()) 



It is a relatively straight forward application of Varadhan's theorem from Large Deviation theory 
to show that 

lim-elog[/ (e) (t,x) = inf A(£;0,t). 

It is relatively standard, and is shown in the article [1], that there is a trajectory {v x { s ))s€[0 1] 
that minimises A(.;0,t) subject to the constraint that 7]^ t,x '(t) = x and that, furthermore, this 
minimiser satisfies 

%^(s) = -Yna n ( I" sm(nr]^ x \r))d r f3 ln (r) - [' cos(nrj {t ' x) (r))d r p 2n (r)) . (91) 
ds ti \Jo Jo J 

Set 

u(t,x) = ^A(v {t ' x Hs);0,t). 

By taking the derivative, integrating by parts and using equation (91), it follows that 



u(t,x) 



ds 



s=t 
By lemma 22, u is the limit in LP norm of iv- e >, for any p < +oo. Therefore u satisfies 

\ d t u+ \{v?) x dt = dtCx 
| u = 0. 



(92) 



Using this, an upper bound is given in the article [1] for Sup xe [o 2-k] \ u {ti x )\ an d the distribution of 
this upper bound is shown to be independent of t. It is also shown in [1] that all the moments of 
this distribution exist. An outline of the proof is reproduced here. 

Theorem 23. Let u denote the solution to equation (92). There exist constants C{p) < +oo ; 
independent of t, such that for all t G R + , 



E Q \ ( sup \u(t,x)\] \ <C(p). 

[ \0<IE<27T / J 



Proof The analysis follows that given in [1]. It is assumed, following the discussion in [1], that the 

F) (t x ) 

representation u(t, x) = -^ — (s)| s= j holds, where u is the solution to equation (92), r] minimises the 
action functional (90) and satisfies equation (91). Suppressing the superscripts, let < t\ < ti < t, 
then 
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'2 



fl(t 2 ) - V(h) = -Y j na n (s\n{nr,{s))d s (3 ln {s) - cos(nr/( S ))4/3 2n (s)) 

n=l ^ 4l 

oo 

= _STna n ((P ln (t 2 ) - P ln (h))sm(n V (t 2 )) - ($? - ft?) cos (n V (t 2 ))) 

n=l 

+ Y, n 2 a n / »7(a)(cos(n»7( S ))(^ ln ( S ) - /3 ln (ti)) + sin(n7 ? ( S ))(/3 2 "( S ) - /? 2n (ti)))(fe, 



n=l 
so that, setting 



C( S ,t) = J> 2 |a n | sup |^«( r2 )-^n( n )|+ SU p |/? 2 "(r 2 ) - /3 2n (n)| , 

n=1 \s<ri<r 2 <t s<ri<r 2 <t / 

it follows that 

Wvlih) - M(ii)| < C(ii,t 2 ) + / 2 |j7|(a)C(ti,s)ds. 
From this, it is straightforward to see that for s£ [t — l,t], 

t }nf N( S )>N(t)e- C ^-C(f-l,i) (93) 

t—l<s<t 

and 

sup | 7 )|( s )<(|^|(t) + C(t-l,t))e c ( t - 1 ' t ). (94) 

t-l<s<t 
Now, the minimising trajectory minimises the action functional 



A(0,t;O = l f £ 2 (s)d S + J2a n f (cos(n^ S ))d s (3 ln ( S ) + sin«( S ))<i s/ 3 2n ( S )) 

= A(0,t-l;0 + l I i\s)ds 

+ J2 «n((/3 ln (t) - /5 ln (t - 1)) cosK(t)) + (/3 2 "(t) - /? 2 "(i - 1)) sin«(t))) 

n=l 

00 „ t 

+ E na « / ^ s ) (G^ 5 ) " ^ " !)) sin«(s)) - (/? 2 "(s) - /3 2n (t - 1)) cos(n£(s))) ds 



subject to the constraint that £(t) = x. Setting sup 0<;c< 2 7r |u(t,x)| = K and C = C(t — l,t) and 
using the inequalities (93) and (94), 

A(0,t;0 - A(0,t- 1;0 > \{{\i{t)\ 2 e- c - C) V 0) 2 - C - C\\i{t)\e~ c - C\. 
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To get an upper bound on .4(0, t; £) — .4(0, t — 1; £), where £ is the minimiser of .4(0, t; .) subject to 
£(£) = x, note that u(t, x) is 27r periodic in x and consider the constant velocity trajectory rj such 
that rj(t) = x and rj(t — 1) = £(t — 1) to obtain 

.4(0, t; f ) - .4(0, t - 1; < 2tt 2 + C + 2vr(7. 
Since this holds for all x £ [0, 2tt), it follows that 

1 



— C _ f"A w n"i2 /o /^| zr„— C 
C 



7.{{Ke-° - C) V 0) 2 - C - C|Ke-° - C| < 2tt 2 + C + 2ttC. 



It follows that either K < Ce , or 

-lfV 2C - 2KCe- c + -C 2 - C < 2tt 2 + C(l + 2tt), 

so that 

(Ke- C ) 2 - 4C(Ke~ C ) + (3C 2 - 4(1 + tt)C - 4tt 2 ) < 

giving 



sup |w(t, x)\ < K < 2Ce c + e c ^C 2 + 4(1 + it)C + 4vr 2 < (3C + 2(1 + 7r))e c < 10e 2C . 

0<x<2ir 

To obtain estimates on Eq{K p }, first note that 

sup \(3 ln (s)-f3 ln (r)\<2 sup \(3 ln (s) - f3 ln (t - 1)|, 

i-l<r<s<£ t-l<s<t 

so that, setting S'-''' 1 = sup t _!< s < t \(3 jn (s) - ft n (t - 1)|, 

{oo ^ oo 

exp{4p^n 2 |a„|(5 1 " + S 2n )} \ = 1& J] ^Q {exp{4pn 2 |a n |5 1 "}} 2 . 
?1=1 J 71=1 

An application of lemma 3 gives 



Eq {\K\ p } < 10 p exp ^ 32p 2 J^n 4 a 2 + 8p(V21og2 + 2^) ^n 2 |a„| ;> . 

[ n>l n>l 

concluding the proof of theorem 23. This is the line of the proof found in [1]. □ 
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5 Conclusion 

There is a striking dichotomy here. The steps that were sketched in section 4 are justified elsewhere 
in the literature. This is discussed in [1]. The first of these is the application of Varadhan's 
theorem in the stochastic case. This is straightforward; an integration by parts of the potential 
term removes the stochastic integral. Secondly, the fact that the action functional, in the stochastic 
case, has a minimiser and the fact that this minimiser, in the stochastic case, satisfies the Euler - 
Lagrange equations. These steps are relatively straight forward; after the 'stochastic' integral has 
been removed by an integration by parts, the proof depends on the £ 2 term and the fact that |£| 
is raised to a power strictly greater than 1, using standard arguments that date back to Tonelli. 
Once these steps are justified, the conclusion is that the Choice Axiom leads to inconsistent results. 
The results from classical dynamics, stating that a minimising trajectory for the action functional 
exists use crucially the relative weak compactness of the unit ball in I? . By Tychonoff 's theorem, 
the Choice Axiom implies relative weak compactness of the unit ball in I? . Kelley [2] showed 
that relative weak compactness of the unit ball in I? implied the Choice Axiom. It is the Choice 
Axiom, at the countable level, which is employed in the arguments in this article. The conclusion 
is therefore that this article has provided an example that demonstrates that employing the Choice 
Axiom leads to contradictory results in analysis. 

Electronic mail address for correspondence: jonob@mai.liu.se 
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